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ABSTRACT
This t h e s i s  desc r ibes  the  s t a t i s t i c a l  mechanics of polyatomic 
molecules .  I t  i s  assumed throughout t h i s  work t h a t  these  molecules may 
be t r e a t e d  as c l a s s i c a l  r i g i d  bodies i n t e r a c t i n g  with one another through 
angle dependent i n t e r a c t i o n  p o t e n t i a l s .  Although most of the  numerical 
techniques  used to c a l c u l a t e  the  bulk p ro p e r t i e s  of  polyatomics have a 
wider a p p l i c a b i l i t y ,  the  main theme of  t h i s  t h e s i s  i s  the  p re d ic t io n  
and c o r r e l a t i o n  of the  macroscopic p ro p e r t i e s  of benzene using i n t e r a c t i o n  
p o t e n t i a l s  t h a t  are  developed in the  second and fou r th  chap te rs .
Two i n t e r a c t i o n  p o t e n t i a l s  are  proposed fo r  t h i s  purpose.  The 
f i r s t  to be developed i s  a th ree-body p o te n t i a l  based on a t e n so r  formalism 
which is  exact in the  long range l i m i t ,  while  the  second is  a r e l a t i v e l y  
simple two-body p o t e n t i a l .  I t  is  be lieved t h a t  in regard to the  p red ic t ion  
of a wide v a r i e t y  of macroscopic p ro p e r t i e s  of benzene in a l l  th ree  phases ,  
t h a t  both of  these  p o t e n t i a l s  are more accura te  than any previous ly  known 
benzene i n t e r a c t i o n  p o t e n t i a l s .
Both p o t e n t i a l s  are  developed by f i t t i n g  to experimental  data fo r  
the  second v i r i a l  c o e f f i c i e n t  of benzene vapour and the  s t r u c t u r e  and sub­
limation energy of  the  low tempera ture  and p re s su re  benzene c r y s t a l .
The s imple r benzene p o te n t i a l  i s  then used to p r e d ic t  the  s t r u c t u r e  
of  l i q u id  benzene and the  t r a n s p o r t  c o e f f i c i e n t s  of  d i l u t e  benzene vapour.
This t h e s i s  desc r ibes  the  f i r s t  d i r e c t  c a l c u l a t i o n  of the  t r a n s p o r t  c o e f f i c i e n t s  
o f  a d i l u t e  polyatomic gas using a r e a l i s t i c  i n t e r a c t i o n  p o t e n t i a l .  The 
benzene p o te n t i a l  used in th e se  c a l c u l a t i o n s  p r e d i c t s  the  second v i r i a l  
c o e f f i c i e n t ,  the  shear v i s c o s i t y  and thermal co n d u c t iv i ty  of benzene vapour 
and the  d e n s i ty  and sublimation energy of the  benzene c r y s t a l ,  a l l  w ith in  
combined numerical and experimental  e r r o r s .
In Chapter 6 a necessarily b r ie f  review is  given o f the c lassical 
transport theory o f f lu id s  composed of r ig id  polyatomic molecules. The 
formalism described is qu ite  general applying to f lu id s  o f a rb i t ra ry  density , 
composed of molecules in te ra c t in g  through a rb it ra ry  N-body po ten tia ls .
The work described in th is  thesis has been reported in a number
of papers
D.J. Evans, Computational Methods in Mathematical Physics, 
edited by R.S. Anderssen and R.O. Watts, Queensland 
University Press, 1974.
D.J. Evans and R.O. Watts, Molec. Phys. 28, 1233, 1974, and
Molec. Phys. 29, 777, 1975.
The work in Chapter 4 has been accepted fo r  publication in 
Molecular Physics, (1975) and two papers reporting the work described in 
Chapters 5 and 7 are in preparation.
CAPTIONS TO FIGURES
This l i s t  of captions  does not inc lude  a l l  f ig u res  s ince  many 
o f  the  f igu res  are  e i t h e r  expla ined in d e t a i l  in the  t e x t  or are  s e l f -  
exp lana to ry .
Fig.  3 .1 :  Units of B are  cm3/Mole.
Fig.  3 .2 :  Experimental da ta  given as c i r c l e s ,  i s  from Keyes e t  a l . ,  (1936);
Kell e t  a l . ,  (1965);  Vukalovick e t  a l . , (1967) and Kell e t  a l . ,  (1968). (see  
Evans and W at t s , 1974).
Fig.  4 .1 :  Experimental da ta  i s  from Bottomley and S pur l ing ,  (1966).
Fig.  4 .3 :  Rescaled t e n so r  p o t e n t i a l .  Molecule 1 has i t s  c en t ro id  on the
o r ig in  while molecule 2 moves along the  l i ne  (R ,0 ,0 ) .
The p o t e n t i a l ,  W, is  p l o t t e d  in u n i t s  of 100 degrees Kelvin. The various 
mutual o r i e n t a t i o n s  a r e : -
V V V V d>> *2
a it /  2 0 0 tt/ 2 0 0 ( J e f f r e y s  Euler angles 
in rad ians)
b tt/ 2 0 0 0 0 0
c 0 0 0 0 0 0
d 0 0 tt/ 6 0 0 0
Fig.  7 .1 : RT denotes re sca led  Taxman r e s u l t s . Experimental data  i s  from,
A Ti tani (1933)
□ Landolt-■Bornstein,  v o l . 4 , p t . l ,  (1955)
o Pal and Barua (1968)
Craven and Lambert (1951)O
Fig. 7.4: TKE stands fo r  t rans la t iona l  k ine t ic  energy and RKE fo r
ro ta t ional k ine t ic  energy
Fig. 7.7: Data, given as c i r c le s ,  is  from Vines and Bennet, (1953).
TABLE OF CONTENTS
P r e f a c e
Acknowledgements
A b s t r a c t
C a p t io n s  to  f i g u r e s
CHAPTER 1 : INTRODUCTION 1
CHAPTER 2 : ASYMPTOTIC INTERACTIONS BETWEEN ANISOTROPIC MOLECULES 8
§2.1 I n t r o d u c t i o n  9
c
§2 .2  E l e c t r o s t a t i c  and i n d u c t i o n  i n t e r a c t i o n s  11
§2 .3  Forces  o f  quantum m echan ica l  o r i g i n  17
§2 .4  C o n t r a c t i o n  o f  t e n s o r  forms 22
CHAPTER 3 : THE SECOND VIRIAL COEFFICIENT OF GASES COMPOSED OF RIGID
POLYATOMICS 27
§3 .1  D e r i v a t i o n  o f  t h e  s econd  v i r i a l  c o e f f i c i e n t
f o r  r i g i d  m o le c u le s  28
§3 .2  N on-p roduc t  i n t e g r a t i o n  f o rm u la e  35
§3 .3  Comparison o f  f o rm u la e  a c c u r a c y  46
§3 .4  Example:  The second  v i r i a l  c o e f f i c i e n t  o f  s team 50
CHAPTER 4 : THE DEVELOPMENT OF BENZENE INTERACTION POTENTIALS 58
§4 .1  B r i e f  h i s t o r y  o f  p r o p o s a l s  f o r  benzene  p o t e n t i a l s  59
§4 .2  The deve lopm en t  o f  a t e n s o r  form f o r  t h e  benzene
p o t e n t i a l  67
§4 .3  P a r a m e te r  e s t i m a t i o n  u s in g  second  v i r i a l  c o e f f i c i e n t
d a t a  72
§4 .4  C r y s t a l  s t r u c t u r e  and L a t t i c e  e n e rg y  75
§4 .5  C a l c u l a t e d  c r y s t a l  p r o p e r t i e s  79
§4 .6  V a r i a t i o n s  in  t h e  model p o t e n t i a l  85
CHAPTER 5 : LIQUID BENZENE 93
§5.1 I n t r o d u c t i o n  94
§5 .2  The Monte C a r lo  method 95
§5 .3 The Monte C a r l o  s i m u l a t i o n  o f  l i q u i d  benzene 99
§5 .4  C o n c lu s io n  109
CHAPTER 6 : TRANSPORT PROCESSES IN WEAKLY ANISOTROPIC FLUIDS COMPOSED
OF RIGID POLYATOMIC MOLECULES 111
§6 .1  I n t r o d u c t i o n  112
§6 .2  The e q u a t i o n s  o f  c o n s e r v a t i o n  117
§6 .3  S t a t i s t i c a l  m echan ica l  e x p r e s s i o n s  f o r  hyd rodynam ic
v a r i a b l e s  127
§6 .4  Kubo-Green e x p r e s s i o n s  f o r  t r a n s p o r t  c o e f f i c i e n t s  138
CHAPTER 7 : TRANSPORT COEFFICIENTS OF DILUTE POLYATOMIC GASES 142
§7.1 I n t r o d u c t i o n  143
§7.2 The WCU and Taxman f o r m a l i s m s  149
§7 .3  Method 154
§7 .4  Convergence and a c c u r a c y  o f  t h e  r e s u l t s  162
§7 .5  Compar ison o f  model p r e d i c t i o n s  w i t h  e x p e r i m e n t  174
APPENDIX I : E u l e r  A ng les  178
APPENDIX I I  : An A s id e  on t h e  R o t a t i o n a l  Dynamics o f  C l a s s i c a l
R i g i d  Bod ies 180
APPENDIX I I I  : P r o o f  t h a t  t he  p r e s s u r e  t e n s o r  i s  s y m m e t r i c  i n  an
o r i e n t a t i o n a l l y  i s o t r o p i c  f l u i d  183
REFERENCES 186
1.
CHAPTER 1 
INTRODUCTION
Mechanics provides an e s s e n t i a l l y  exact d e s c r ip t i o n  o f  the temporal 
e v o lu t io n  o f  a system given a complete d e s c r ip t i o n  o f  the s ta te  o f  the 
system a t  some i n i t i a l  t ime.  S t a t i s t i c a l  mechanics,  which we sha l l  take 
to  in c lud e  both e q u i l i b r i u m  and n o n -e q u i l i b r i u m  s t a t i s t i c a l  mechanics, makes 
reasonable p re d ic t i o n s  about the probable s ta tes  o f  a system from an 
incomplete  knowledge o f  i t s  s ta te  a t  a given po in t  o f  t ime.  The use o f  
s t a t i s t i c a l  mechanics i s  u sua l l y  reserved f o r  macroscopic systems, where 
the very la rge  number o f  degrees o f  freedom, t y p i c a l l y  o f  the order  o f  
Avogadro's number, prevents the d i r e c t  use o f  mechanics.
S t a t i s t i c a l  mechanics prov ides a means o f  d e r i v in g  the thermodynamic 
behav iour  o f  macroscopic systems from a knowledge o f  the mutual i n t e r a c t i o n s  
o f  the p a r t i c l e s  o f  which the system i s  composed. The purpose o f  
s t a t i s t i c a l  mechanics i s  t h e re fo re  tw o - fo ld .  I t  can "d e r iv e "  the laws of  
both e q u i l i b r i u m  and n o n -e q u i l i b r i u m  thermodynamics from mechanical p r i n c i p l e s ,  
thereby  u n i f y i n g  our knowledge o f  phys ics.  At a more p r a c t i c a l  l e v e l ,  
many o f  the bulk p ro p e r t ie s  o f  a system can be ca lcu la ted  from a knowledge 
o f  the in te r m o le c u la r  i n t e r a c t i o n  p o t e n t ia l s  governing the behaviour o f  i t s  
c o n s t i t u e n t  molecules.
Jus t  as there  are two branches o f  thermodynamics,  one f o r  e q u i l i b r i u m  
systems (P ippard ,  1966-»Buckingham,1964) and one f o r  n o n -e q u i l i b r i u m  systems 
(de Groot and Mazur, 1963; F i t t s ,  1962) there  are two d i v i s i o n s  o f  
s t a t i s t i c a l  mechanics. E q u i l i b r iu m  s t a t s t i c a l  mechanics was la r g e l y  devised 
by Gibbs by the turn o f  the century  (Gibbs, 1902). Corresponding to the 
incompleteness o f  our knowledge o f  the mic roscopic  s ta te  o f  the system, an 
ensemble o f  m ic ro -s ta tes  i s  envisaged, where each member o f  the ensemble
2 .
s a t is f ie s  our knowledge of the macro-system. From a knowledge o f  the 
average behaviour o f the microstates w ith in  the ensemble the thermodynamic 
properties of the macro-system can be calculated. Non-equilibrium 
s ta t is t ic a l  mechanics is less well developed than equilibrium  s ta t is t ic a l  
mechanics, and the most widely used theories re fe r only to systems that 
are close to equil ib r ium . This is not a great handicap since non-equilibrium 
thermodynamics deals only w ith small deviations from the equilibrium state 
and the m a jority  of everyday, practica l non-equilibrium or transport processes 
occur in f lu id s  close to equ il ib r ium  ( i .e .  in f lu id s  where the approximate 
phenomenological equations governing transport are l in e a r ) .  The in t r in s ic  
d i f f i c u l t i e s  of trea ting  non-equilibr ium, or transport processes, in dense 
f lu id s  meant tha t a transport theory spe c if ic  to d i lu te  gases, k in e t ic  
theory, was the f i r s t  to be developed. This formalism was developed by 
Maxwell (1867) and Boltzmann (1872) sho rt ly  before the Gibbs theory of 
equ il ib rium  s ta t is t ic a l  mechanics, The more general theory o f non-equilibrium 
s ta t is t ic a l  mechanics, appropriate to any density regime, was developed much 
la te r  by a number o f workers (Kubo (1957), Green (1954, 1952) 
although the e a r l ie r  work o f Einstein (1910) and Onsager (1931a,b) indicated 
the general d irections such a theory should fo llow . The general formalism, 
known variously as l in e a r  response theory or Kubo-Green theory, expresses 
transport coe ff ic ien ts  in terms o f in tegra ls  over time corre la t ion  functions 
evaluated in the equil ib rium  sta te .
In th is  thesis we are not so much in terested in the epistemological 
consequences o f  s ta t is t ic a l  mechanics as in i t s  use as a vehicle fo r  the 
prediction and corre la t ion  o f the macroscopic properties o f systems. In 
p a r t ic u la r ,  we are in terested in the implications that the ro ta tiona l degrees 
of freedom possessed by ind iv idua l molecules comprising a system have upon 
i t s  bulk properties. The s ta t is t ic a l  mechanics o f  systems composed of
3 .
spherical "point" particles devoid of internal degrees of freedom are 
re la t iv e ly  well understood. However, even for monoatomic fluids the 
evaluation of s ta t is t ic a l  mechanical expressions required for the predict­
ion of many system properties is quite d i f f i c u l t  and i t  has only been with 
the aid of the modern electronic computer that progress has been made 
toward the understanding of monoatomic l iquids.
For dense systems three basic computer simulation methods are 
available: the Monte Carlo method (Metropolis et a l . 1953) which is
extensively used for the calculation of equilibrium properties, the
t
molecular dynamics technique (Wainwright and Alder, 1957) which can be 
used to follow the temporal evolution of equilibrium or non-equilibrium 
systems and the steady-state molecular dynamics technique (Hoover and 
Ashurst, 19 75) which,as i t  name suggests, applies direct ly  to steady state 
systems. For di lute  gases, theoretical simplif ications are possible which 
reduce the numerical complexity of the calculation of many bulk properties.
The correlation integrals can be simplif ied to y ie ld  expressions for the 
transport coefficients of di lute  gases which are very similar to the f i r s t  
order Chapman Enskog solutions of the Boltzmann equation(Mori, 1958 and 
Green, 1954).Mori and Green have therefore provided a bridge between kinetic  
theory and the general theory of non-equilibrium s ta t is t ica l  mechanics, namely 
l inear  response theory. For the equilibrium properties of a di lute  gas the 
v i r ia l  expansion of the Gibbs part it ion function (Mayer and Mayer, 1940) 
simplif ies the calculation of the equation of state. All of these techniques 
have been used extensively in the study of monatomic systems in all  three 
phases (Hirschfelder, Curtiss and Bird, 1954 - henceforth referred to as 
HCB).
4 .
Prio r to the development o f simulation techniques the equilibrium 
properties of dense f lu id s  were calculated using a number o f approximate 
methods based upon the so lu tion of in tegra l equations (Percus and Yevick, 
1958; Percus, 1962 and Van Leeuwen, Groenveld and de Boer, 1959). In a 
sense these methods can be looked upon as an approximate extension of 
v i r i a l  expansion techniques to dense systems.
With a view to reducing computer time requirements, a number o f 
perturbation approaches have also evolved. A reference system is simulated 
by p a rt ic les  in te rac ting  through a numerically simple in te rac tion  potentia l
c
so tha t the ca lcu la tion  o f i t s  properties can be performed rap id ly  using 
e ith e r  Monte Carlo or molecular dynamics methods. The reference system 
is  then used to compute the thermodynamic properties o f a more re a l is t ic  
system using perturbation theory (Zwanzig, 1954; Barker and Henderson, 
1971). This technique is  often almost as accurate, and usually more 
e f f ic ie n t  than, performing a d ire c t  simulation using the r e a l is t ic  
po ten tia l function . Although a number o f perturbation theories have been 
proposed fo r  the transport properties o f dense f lu id s  these have so fa r  
proved e ith e r incorrec t or in trac tab le  (Watts, 1971; Coidea,1973;
Frisch and Berne, 1965 , and H arr is , 1971).
Although the basic techniques used fo r  monoatomic f lu id s  general­
ize to cover the corresponding s itua tions  invo lv ing polyatomic f lu id s ,  i t  
has only been f a i r l y  recently tha t detailed work has been reported on the 
s ta t is t ic a l  mechanics of polyatomic systems (Rowlinson, 1951; Williams, 
1966). These systems are o f considerable in te re s t ,  since the vast m ajority  
o f substances we meet in the laboratory are composed o f polyatomic 
molecules ra ther than o f in e r t  gas atoms. The Gibbsian expressionsdescrib- 
ing the equ il ib r ium  nature of polyatomic systems are read ily  obtained from 
the corresponding expressions fo r  monoatomics. Consequently, we shall spend
5 .
l i t t l e  time describing the formal equilibrium s ta t is t ica l  mechanics of poly­
atomic systems. However, the extra degrees of freedom possessed by poly­
atomic molecules have profound effects on the transport processes of such 
f lu ids .  An outline of these effects is contained in Chapter 6.
In our study of the s ta t is t ica l  mechanics of polyatomic systems 
we shall use the benzene molecule as a paradigm for a re la t ive ly  large 
glass of polyatomics. Apart from the fact that i t  is a compound of some 
in t r in s ic  in teres t ,  being the fundamental aromatic hydrocarbon , i t  is a 
highly non-spherical, non-polar molecule that is re la t ive ly  large, heavy 
and r ig id .  Because of i ts  size we expect that classical mechanics should 
provide an accurate description of i ts  dynamical behaviour. The re la t ive ly  
high frequencies of the normal modes of the molecule suggest that with the 
exception of a few properties, discussed in Chapter 7, i t  is a good approx­
imation to ignore the internal vibrational degrees of freedom of the 
molecule. Its  non-polar character means that a study of benzene should pro­
vide a useful complement to the work that has been underway for some time 
into the s ta t is t ic a l  mechanics of the polar water molecule (Rowlinson,
1951; Rahman and S t i l l in g e r ,  1971; Watts, 1974). Also, the large degree 
of non-sphericity implies that techniques for treating polyatomics as 
perturbations of spherical molecules (Pople, 1954; Rushbrooke et a l . ,  1973) 
are l ik e ly  to be re la t ive ly  in e f f ic ie n t  when compared with methods that 
approach the non-sphericity d irect ly .
In part ,  this thesis w i l l  concern i t s e l f  with developing r e a l is t ic  
interaction potentials specific to benzene molecules. These potentials 
enable the accurate prediction of the bulk properties of benzene in all  
three phases. However, the methods used to perform these calculations have 
a wider app l icab i l i ty .  Any polyatomic molecule whose dynamical behaviour 
may be approximated by assuming that i t  is a classical r ig id  body interacting  
through an angle-dependent interaction potential may be studied using the 
methods developed for benzene.
6 .
Two dist inct types of benzene interaction potential are developed.
The f i r s t  is a re la t ive ly  accurate potential based upon the Jansen T-tensor 
formalism (Jansen, 1958). This potential correlates data concerning the 
quadrupole moment, polar izab i1i t y  tensor and ionization potential of the 
benzene molecule with the second v i r ia l  coeff ic ient of benzene vapour and 
the structure and sublimation energy of the benzene crystal.  This potential 
is too complex, however, to be used in the time consuming calculations of 
the l iquid structure and the di lute  gas transport coefficients of benzene.
A simpler potential was developed to be used for these purposes. A general-
s.
ization of the empirical Lennard-Jones (12,6) potential (Lennard-Jones,
1924) was found to be quite accurate in spite of i ts  simplic ity . This 
potential predicts the second v i r ia l  coeff ic ient ,  shear viscosity and 
thermal conductivity of benzene vapour and the sublimation energy and unit 
cell volume of the benzene crysta l ,  al l  within combined numerical and 
computational errors.
Chapter 2 gives a short account of the general theory of aniso­
tropic interaction potentials using the T-tensor formalism. In the f i r s t  
part of Chapter 3 the formal theory of the v i r ia l  expansion for di lute poly­
atomic gases is described while in the la te r  ha lf  of the chapter numerical 
procedures are developed which enable the highly e f f ic ie n t  calculation of the 
second v i r ia l  coeff ic ient of polyatomics. The actual calculation of the second 
v i r ia l  coeff ic ient of benzene as modelled by various tentat ively  proposed 
interaction potentials,  is used in Chapter 4, together with model predictions 
of the s ta b i l i ty  and structure of  the benzene crysta l ,  to develop and 
refine the proposed potentials. Chapter 4 eventually leads to the two 
benzene interaction potentials discussed e a r l ie r ,  the T-tensor potential 
and the generalized Lennard-Jones potential.  In Chapter 5 the generalized 
Lennard-Jones potential is used to predict the structure of l iquid benzene.
The general transport theory of f lu ids composed of rigid polyatomic molecules 
is discussed in Chapter 6 and in Chapter 7 calculations are made of the
7 .
d ilu te  gas transport coe ff ic ien ts  fo r  benzene, modelled by the generalized 
Lennard-Jones po ten tia l.
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§2.1 Introduction.
In this chapter we develop concepts and methods for handling those 
anisotropic interactions which w i l l  prove useful in devising a benzene in te r ­
action potential.  This chapter should also provide a useful introduction to 
the theory of anisotropic interactions since the formalism we shall use is 
quite general and provides a uniform framework within which to treat  
a large class of possible interactions.
Long range intermolecular forces are largely of three types: the
interactions between molecules with permanent electrostat ic  moments, the
t
induction forces that arise between such molecules when the ir  permanent 
moments induce further (temporary) moments in the polarizable molecules 
about them, and dispersion forces which owe the ir  origin to correlations of 
the quantum mechanical f luctuations in the charge distribution of the in te r ­
acting molecules..
All of these forces involve electrostatics and we might expect a 
similar  set of interactions to exis t  between the magnetic moments of molecules. 
Unless molecules have permanent magnetic moments of electronic rather than 
nuclear origin ( i . e .  paramagnetic molecules) these forces are negligible by 
comparison with the corresponding e lectrostat ic  forces (HCB chapt. 12).
Further, since we are ultimately concerned with benzene,which is diamagnetic, 
we wi l l  not need to mention magnetic interactions further.
There are a number of schemes for calculating the electrostat ic  
f ie lds of anisotropic charge distr ibutions. One could represent the d is t r ib u t ­
ion by a set of monopoles (point charges). This was done by London (1941) in 
his monopole representation of anisotropic dispersion forces. Alternatively,  
the charge distributions could be expanded in spherical harmonics (HCB) and this 
technique is found useful in accurate quantum mechanical calculations of 
short range forces.
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However, by far the simplest method is to use a tensor formalism 
that arises naturally from a Taylor series expansion of the charge distr ibution  
This technique has been elegantly described by Jansen (1958) and yields final  
expressions for e lectrostat ic  f ie lds and potentials as contractions of multi pole 
moment tensors with "interaction T-tensors" of various ranks. Throughout this 
thesis we shall use the T-tensor approach.
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§2.2 E lec t ros ta t ic  and induction in teractions
We introduce the T-tensor notation by considering the e le c t ro s ta t ic  
f ie ld  produced by the permanent e le c t ro s ta t i c  moments of a molecule. Suppose 
that  molecule i consists of a number of point charges e . at  pos i t io n s r^  
and we wish to know the e le c t ro s ta t i c  p o t e n t i a l ^ ,  at a position JR. From the 
theory of e le c t ro s ta t i c s  (Panofsky and Ph i l l ip s ,  1969) we know
e •
V(- ) '  ^  4ne T F l ^
( 2. 1)
(We are using rat ional ized MKS units throughout). Now i f  |R] > max -Hr . | >
ai t ~01 >
we can expand V(JR) in a uniformly convergent Taylor series
V(R)
—  4 tT£ o aiI  eai 1R " ^ a i ’^R
(1) + i r  r2! —ai —ai 2 r *R (R)
( - I ) " Axi *
n
n: ( 2 . 2 )
where the notation [n]  implies tha t  an n^h order tensor contraction is to be 
performed. This expression can be written more compactly as
,n+l
V(R) = I  ■ N|n)(n] I (n ) (R)
n=0 n ' - 1
where is the 2nth multipole moment tensor
(2.3)
, ( n )  .  1, Ie r n47Te„ L a —a 0 a
(2.4)
and where is  the n^h rank T-tensor
i ' "> . - i  (i) (2.5)
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Using the fact that the electrostatic f ie ld  £ is given by 
£  = - £(V) we see that
(n)
F = I (-1)
n=0
n -i [n] I
(n+1)
(R)
n: ( 2 . 6 )
We can use this notation to calculate the interaction of benzene 
molecules. The lowest order, non-zero multi pole moment tensor of benzene is 
the quadrupole moment. We shall see later  that this quantity is not known to 
high accuracy. Higher order moments are not known at all and so we will  
restric t  ourselves to considering systems where the only permanent moments are 
quadrupole.
Consider a system of N permanent quadrupoles which are dipole 
polarizable. (Benzene molecules exhibit higher order polarizabil it ies but 
again no experimental estimates for these polarizabil it ies are known). Each 
of these N molecules experiences the collective electrostatic f ie ld  of the 
other N-l molecules. This f ie ld  is not simply the sum of the fields due to 
the permanent quadrupoles,si nee the polarizabil it ies of the molecules modify 
the system fie ld .  I f  molecule i experiences an electric f ie ld  £  then the 
f ie ld  induces a dipole moment given by
IND ( 2 ) c 
- ( 2 . 7 )
gj?j the second rank dipole polarizabil ity tensor of molecule i is in 
general an anisotropic tensor. The multi pole moments considered in our
N-particle system are thus
where (0)
= a
1
IND (2) c n = 1
' - ( j ) * ( J )  , E ( j )
■ 42!P Z5 II ro
= g(") n > 2
OII
V a i  » i  = 1
( 2. 8 )
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From (2.8) and (2.6) we can find implicit equations for the electro­
s ta t ic  fields and potentials:
~ ( i )
NI
l
j=l
-Tj i ’ - MjS ' E(j)}
+  —2 - j i
N ( 2 )
B(j)
(2.9)
PJ
and
(i)
N
l
j=l
t ( 1 )
“ji ä(j) ' L(j) — : n(2!2 -ji N(j) PJ
(2.10)
where = I  (9 i j ) -9jj
J J
Similar expressions to (2.9) and (2.10) were considered by Barker (1953) for 
a system of polarizable dipoles.
I t  is not possible to obtain a closed solution of these equations 
and consequently an approximation is used. Assume that all intermolecular 
(not intramolecular) distances are scaled by a factor A (i .e.
I _ R - “ J E L j I  ) ar|d write as an expansion in inverse powers of A :
£<i>
( 2 . 11)
Substituting into (2.9) and equating like powers of A i t  is found that
L ( 0 ' I t(3) : J 2)-(j)l 2 I j i ( 2 . 12)
£7(i) V 1 T(2) (2) V’ t(3)‘ 2 I j i  • B(j • l I.kj , ( 2 ): ( k ) (2.13)
W 1’
J L  t ( 2 )
1 2 I ^ v  i 2) f l ( k ) r  t
( 3 )
£k M(2)0 ( t )
(2.14)
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where £ means sum over i excluding the value o f the adjacent l e f t  hand index.
Two points can be made from these equations. F ir s t  £ 4 depends on the positions 
and o r ien ta tions o f one molecule, F_7 upon two molecules, !F upon three
molecules ............  There are thus many body contributions to the e le c t r ic  f ie ld .
Among the contr ibu tions to the f ie ld  £? (or higher order terms) there w i l l  be 
three body contribu tions and pseudo two body terms, the la t t e r  being formed 
when i f  j  f  k = i .  Within £_ the pseudo two body terms are formed when 
i + j  f  k (=i ) ^a (= j) and pseudo three body terms when i f  j  f  k t  % - i and 
when i f  j  J k (=i ) f &.
Secondly, the expressions show the re la t ive  importance of these many body 
terms increases with increasing density ( i . e .  decreasing x) since _F
4+3n
(n = 1,2,3 . . . )  i s proportional to the scale distance to the -(4+3n)t '1 power.
In a s im ila r  way we can generate a series solution fo r  the e le c tro s ta t ic  
p o ten t ia l.  Substitu ting  equation (2.11) in to  (2.10) gives:
( 1)
y ' _ 1  j ( 2)
L 9 = i2 = j i
( 2 ) i  ( l ) ( 2 )
S(j) y '  t ^ 3 ^ N ( k )
( 2 )
(2.15)
Using a s im ila r  Taylor series argument one can show tha t the element 
o f  in te rac tion  energy, dW,is given by
dW = \  v2(V) : d | £ ) (2.16)
so tha t the to ta l energy o f the N -partic le  system can be calcualted from
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, ( 2 )
N 1 (
I j l 1  V (i ) 
i =1 c ^
: dN 2 0(1 (2.17)
- - I I I  *( 2) :  ii(j4 ):
J
•s ! ! '! ' Hi?) ! 1,7 • *iil ' iK1 ' «Ik!
J K
• s i r  r  [' » 7 ; i7  • »7 • • =7 • i 7 : »7 *.... <m«
( 2 )I t  is usual to use the irreducible quadrupole tensor ' instead of 
( 2 )‘ . Following Buckingham (1959) we define this quantity as
(2) = 7  M^TrWl (2.19)
where 1 is the Kronecker delta and Tr( ) implies the value of the trace. (Note 
HCB uses a different definition of q). Using Poisson's equation of electro­
statics in the free field situation,one can show that the use of the 
irreducible quadrupole tensor merely alters (2.18) by a scalar factor so that
__L y y' Q(2) : t ( 4 ) : 9 ( 2 )
18 l l - (i ) l i j  =(.i)i J (j)
* 4 H ' r i|!): i7  • : 4(1
( 2 )
■ i j |  I 1 §(i) : r i j 5 • »(j) • i f f • »(k) • I k t } •' 8(t)
( 2 . 20)
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We can see from (2.20) that the f i r s t  term represents the permanent 
quadrupolar interaction. The remaining terms represent induction effects. 
Although Barker (1953) has derived an equation analogous to (2.20) for a 
system of polarizable dipoles Evans and Watts (1975 a) gives the f i r s t  
derivation of many body induction effects for quadrupolar bodies.
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§2.3 Forces of Quantum Mechanical Origin
Quantum mechanical forces arise even in the absence of permanent 
multi pole moments. They can be conveniently subdivided into two types: 
long range, where overlap of electronic wave functions is negligible and 
short range, where overlap is dominant. Wavefunction overlap and the operation 
of the Pauli exclusion principle, which prevents two electrons (fermions) 
from having the same quantum numbers, are of paramount importance in the cal­
culations of short range forces. Upon the close approach of two molecules, 
they may react chemically with subsequent electronic rearrangements or repel 
each other depending upon their init ia l  electronic structure. The full 
quantum mechanical calculation of these intermolecular forces is very 
complicated and we shall not be considering such studies in detail (Margenau 
and Kestner, 1969). Suffice to say that for the molecules in which we are 
interested and which upon close approach maintain their  chemical integrity, i t  
is well known that the repulsive forces between them can be approximated by 
an exponential function (HCB)
Wrep = e exp (2-2D
In the absence of calculations giving a detailed description of the 
relevant molecular wavefunctions e and a may be treated as parameters to
L.ne ooerdiiu!'
be adjusted to f i t  experimental data.
At long range the repulsive forces become insignificant and quantum 
mechanical forces become dominated by the so-called dispersion forces. These 
arise from correlations in the quantum mechanical fluctuations of the charge 
distributions of molecules. These fluctuations can be thought of as 
producing instantaneous multi pole moments in the molecules, which subsequently 
interact with each other. In our calculations we shall only be interested 
in fluctuations giving rise to dipole fields.
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We begin by deriving a quantum mechanical expression fo r the dipole 
p o la riza b ility  tensor of a molecule. The energy of a polarizable body in a 
uniform e lec tric  f ie ld  is well-known (HCB) and is given by
W = - I  F • a • £ (2.22)
We shall use equation (2.22) to iden tify  the po la riza b ility  tensor 
from quantum mechanical expressions. I f  we formally transform equation (2.4) 
to obtain the dipole moment operator (S ch iff, 1968, chapt.8 ).
ÜL = 4 7^ -  l  ea ra (2.23)
O a
we can calculate the change re la tive  to the unperturbed ground state ofthe 
energy of a molecule exposed to a uniform e lec tric  f ie ld , £_. The perturbing 
hamiltonian Hpert is given by
Hpert = y_ • £ (2.24)
excluding higher order multi pole interactions. According to Rayleigh- 
Schrodinger perturbation theory (Sch iff, 1968) the f i r s t  correction to the 
energy of the molecule,disregarding any permanent multi pole interactions, 
appears in the second order of the perturbation
<0 I Hpert n >
E_ - E. (2.25)
where n labels the energy eigenstates of the unperturbed molecule and where 
we are using the Dirac bra ket notation. To sim plify the analysis we assume 
that the ground state is nondegenerate and that the s ign ifican t contributions 
to the perturbation energy come from a narrow band of energies. Making this 
approximation
(2 .26)W(2 ) = F
j. <  01 yj  n> <  n [ y_| 0 >  # 
n^O ÄE
Comparing (2 .26)  w i th  (2 .22)  we see t h a t  the p o l a r i z a b i l i t y  i s  g iven by
ot = 2
<  Q|y ]n > <  n lu jO  >
n^O ÄE
(2.27)
We now cons ider  the i n t e r a c t i o n s  o f  two s i m i l a r  molecules i and j .  
At  la rge  d is tances d i p o l a r  i n t e r a c t i o n s  dominate and to  t h i s  le v e l  o f  
approx imat ion we can w r i t e  the p e r tu rb in g  hamil ton ian  as
Hp e r t
(2.28)
Again ig n o r in g  permanent m u l t i p o l a r  e f f e c t s , t h e  f i r s t  c o r re c t i o n  to  the 
energy o f  the system appears in  the second order  o f  p e r tu rb a t io n  theory .  We 
f i n d  t h a t
( 2 ) - I,vy°
l< ° i ° > per t l ni ni >1
2 ÄE
(2.29)
where we have assumed t h a t  over lap  o f  wavefunct ions is  i n s i g n i f i c a n t  and where 
we have made the same assumption as to  degeneracy and energy leve l  spacings 
as we d id  f o r  the ex te rna l  f i e l d  case. Equat ion (2.29)  can be expanded as
( 2 ) - i< 0 ^ 1 " ,  > •  i! j2) • < ^ 1 " -  >
<  ni Iü-j!0-j >  • l i j2) • < n j | M j | 0  > 2 AE (2 .30)
Comparing (2 .30)  w i th  (2.27)  we see t h a t  we can express the i n t e r a c t i o n  
energy in  terms o f  the p o l a r i z a b i l i t y  tensor
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( 2 )
Ai f j 2 )  
8 - i l ( 2)l“ T J J
( * )
l-J -JT (2.31)
This is the T-tensor equivalent of an expression orig ina lly  derived for the 
dipole dispersion energy of two anisotropic molecules by de Boer (1942).
I f  one proceeds to th ird  order perturbation theory, again ignoring 
multipoles of higher order than dipole, one observes that there are no correct­
ions to (2.31) for the interaction of two molecules and that there is a three-body 
dispersion force. This calculation proceeds exactly as the one above but is 
considerably more lengthy/ The result was f i r s t  published by Stogryn (1970)
_ 3a E 
16 (2.32)
where i f  j  f  k f  i .  The index constraint prevents the occurrenceof pseudo 
two-body terms similar to the ones we described for induction interactions.
This completes our general discussion of the asymptotic forms of 
anisotropic interactions. I t  is important to realize that the expressions we 
have derived for the various types of interactions are only the f i r s t  few 
terms of a multiply in f in i te  series. The dispersion interactions we have des­
cribed are limited to dipolar terms and th ird  order perturbations. At short 
range higher order multi pole moments, po la rizab ilit ies  and perturbations are 
required for the accurate description of the interactions. (Schweig, 1969 or 
Buckingham, 1965). At close distances,allowances should be made for effects 
of wavefunction overalap.
At large distances the theory would appear to be exact but this is 
not quite so. Our analysis assumes that electrostatic potentials propagate 
instantaneously whereas in fact they do so at the velocity of l ig h t  (Panofsky 
and P h ill ips , 1969, chpt-20). This effect is important for dispersion forces 
(Casimer and Polder, 1948 or Mitchell et a l . 1972) as these forces arise from 
the correlated electromagnetic interactions of instantaneous multi pole moments. 
At large distances the London dispersion force for isotropic dipole polarizable
21.
molecules changes from a 1/R6 dependence to a 1/R7 one. This is called the 
retardation e ffect and i t  is s ign ifican t only at distances larger than the wave­
length of the radiation from the virtua l o sc illa to r of energy AE. Using 
expressions derived by Mitchell et a l.(1972) the dispersion potential for benzene 
is reduced to approximately ha lf of the London estimate at a distance 
of roughly 190 8. All of the macroscopic properties of benzene which we 
shall consider in la te r chapters are determined by the nature of the interaction 
potential at distances much less than this value.
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§2.4 Contrac t ion  o f  t e n so r  forms.
We are now equipped with a number of t e n so r  formulae which desc r ibe  
the  long range i n t e r a c t i o n s  between a n i so t ro p ic  molecules.  For molecules 
possess ing  a high degree of symmetry (e .g .  spher ica l  symmetry, axia l  symmetry e t c . )  
cons ide rab ly  more e f f i c i e n t  express ions  fo r  the  i n t e r a c t i o n s  can be developed 
from the t e n s o r  formulae by express ing  the  requ i red  tensors  in terms of a s e t  
of independent symmetry v ec to r s .  The t e n so r  c o n t ra c t io n s  are  then performed 
a l g e b r a i c a l l y .  For spher ica l  symmetry t h i s  reduc tion  y ie ld s  the  usual London 
d i sp e r s io n  formula (London, 1930).
Consider the  induc t ion  i n t e r a c t i o n  of  two a x i a l l y  symmetric 
molecules .  From equat ion (2.20)
'IND
_1_
18 o.l - i
t ( 3 )
- i j “j
x ( 3 )
iji Si
( 3 )  . ( 2 )
+ fij • I j i '  ' »i I < ? >- 1 J
(2.33)
The symmetry vec tors  of such a system are  R_, the  r e l a t i v e  p o s i t io n  vec tor  o f  
the  two molecu les ,  and u. and u_. ,  u n i t  vectors  p a r a l l e l  to the  symmetry axis
' J
of the  two molecules.  From the  d e f i n i t i o n  (2 .5 )  we can express T- tensors  in terms 
of the  c a r t e s i a n  components o f  R_, x^. The f iv e  lowest o rder  T- tensors  
are  found to be,
T * ° -  -1/R (2.34)
( l ) x /R3 (2.35)
T V  = « /R 3 -3x x /R 5a 3 a 3 a 3
(2.36)
2 3 .
• ( 3 )
aßy -3 (x 6 + xQ 6 + x 6 ) /R5 + 15(x x0 x )/R7Y aß ß aY a ßy a ß y (2.37)
- -3(6. 6 Q + 6 6 + 6 . 6 )/R5
aßy6 6y aß ß6 otY a6 ßy
+ 1 5 ( x *  X 6 + X .  X0 6 + X .  X 6 .  + X X0 6 .
6 Y aß 6 ß aY 6 a ßy a ß y6
+ X X 6 + X D X 6 J / R 7a Y 35 3 Y a6'
-105 x xQ x x . /R 9 . (2.38)
a ß Y o
By considering th e i r  invariance with respect to rotat ions about the symmetry axis 
u_ we can express the p o la r i z a b i l i t y  and quadrupole tensors in terms of  the 
p r in c ip le  components of those tensors and the symmetry vector. In a coordinate 
frame where the Z-axis is para l le l  to u_ the p o la r i z a b i l i t y  tensor takes the 
form
(2.39)
a is cal led the p r inc ip le  p o la r i z a b i l i t y  tensor. By applying Euler ro tat ion 
~P
matrices (Appendix I )  one can show that in an a rb i t ra ry  coordinate system
ö = a1 u__u+a^|  (2.40)
where a1 = ay - a^.
In the same fash ion} the p r inc ip le  traceless quadrupole tensor is
found to be
f -W  o oj
2 = i 0 -hQ 0> (2.41)
i  0 0 Qj
where 0 = (2.42)
=^p  ^zz =^p ^xx
Q is cal led the quadrupole moment.
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In an arbitrary coordinate frame
§ = §  (3 u u - I) (2.43)
We are now in a position to begin the reduction of the tensor 
expressions. As an example consider the permanent quadrupole interaction.
We subdivide the T-tensor into three parts so that,
f ( 4 )  ( 4 )  ( 4 )  ]
V-iJ( I ) - i j ( I I )  - i d (111) j
(2.44)
where l | 4| contains those parts of f 4  ^ proportional to R 9, T/j T  those parts
-7  / 4  \ -  5
proportional to R and T^/^those parts proportional to R . The simplest 
component of to contract is T ^ .  Its contribution to W^ is easily 
computed from
W* = S i : - 1 0 5  R R R R / R 9 : § j
so that
W 105 Q2 [9I 4 M-i 
R 1- 1
R R R R • u, u,
J J
- f  i±i : R i  i  B. : l  -
•J
+  i  I • R R R R : i 1 4 = - - - - - - - - =J
= .  1 0 5 J i i  ; 9 x ? x ?  - 3 R 2 ( x ?  + x z ) +  R4 ' ( 2 . 4 5 )
4  p 9 L ' J  1 J  J
where x • = .R
The other components of are more tedious to compute but are handled
in a similar way to give
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WII
QQ
105 Q2 135 Q2 
4 R5 4 R7
(X2 + X2 + 4 x i Xj Xi j )
45 Q2 
4 R7
r \
7 (x? + X ? )  + 2R2
l  1 3  J
(2 .46)
where X. .  = u .
“ I
u .
- J
and
,111 27 Q 
2 R
r 2 2< X _ . X .  +1 A 2Xli 45 Q2 
4 R5
( 2 . 47)
Combining ( 2 . 4 5 ) ,  (2 .46)  and (2 .47)  we f i n d  t h a t  i n t e r a c t i o n  energy of  two 
ax i a l  quadrupoles  expre s sed  in terms o f  symmetry v e c t o r  s c a l a r  p roduc t s  i s
3 Q2 35 aJ a? ' (A7 + A7) + 4Ai Aj Ai j l
4 R5
4 b
R r2 J
+ 1 + Z x . .  ( 2 .48)
I f  one c o n s t r a i n s  R, to  be p a r a l l e l  t o  t h e  l a b o r a t o r y  Z-ax i s  we o b t a i n  
t he  wel l -known s pe c i a l  case  of  equa t i on  (2 .48)  namely
I = Oi 
QQ 4  r 2
1 + 2  c o s 2 6 + 35 c o s2 6  ^ c o s 2 6^
- 5 ( c o s 2 e.. + c o s 2 6 j )  -20 cos e.. COS 0 .  COS <J> 
J
(2 .49)
where 0. i s  t he  p o l a r  ang l e  o f  t h e  symmetry ax i s  of  molecule  i and where 
= <pl - (f>2 where <j>-j i s  t h e  azimuthal  ang l e  of  t h e  symmetry ax i s  of
molecule  i .
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Simi l a r  equat ions  can be der ived f o r  the  induct ion and d i s pe r s i on  i n t e r a c t i o n  
though t h e i r  reduc t ion  i s  cons ide rably  more t ed ious .  They are
IND
+ R2
9 Q2 
8 R14 {25al Ai ( Xi +Aj ) Aj-
+ 20(X ? +Xj)X^XjX^j) + 5a^(X^+Xj)
+  R4 [ a 1 ( ( ^ - + Aj )  +  +  4 ( X ^ + X j ) X i2 j. ]
- 2a^(x^+Xj)| + 2a^ R5|  (2.50)
WDISP = '  l 6oli  + 2al a l + a l Ai j
+  - X  i 3 a 1 a i ( x ? + X j2 ) - e ^ X . j X j X . j
+
9 2 2 2 
,4 a i Ai Aj (2.51)
These equat ions  are capable of  very e f f i c i e n t  eva lua t ion  on a computer.  
Buckingham (1965) has prev ious ly  der ived an equ iva l en t  form of  equat ion (2.51) 
but so f a r  as i s  known to the  a u t ho r ,  Evans and Watts (1975 b) gave the f i r s t  
de r i va t i on  of the  induct ion force  between two a x i a l l y  symmetric,  d ipole  
p o l a r i z a b l e ,  quadrupolar  bodies.
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CHAPTER 3
The Second Vi r i a l  Coef f ic ient  of  Gases Composed of Rigid Polyatomics
§3.1 Derivat ion of the second v i r i a l  coe f f ic ien t  fo r  r ig id  molecules
§3.2 Non-product in tegrat ion formulae
§3.3 Comparison of  formulae accuracy
§3.4 Example: The second v i r i a l  coe f f ic ien t  o f  steam
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§3.1 Derivation of the second v i r i a l  coe f f ic ie n t  fo r  r ig id  molecules
The v i r i a l  expansion equation of  state o f  gases was f i r s t  introduced 
as a method of summarizing experimental PVT data (pressure, volume and 
temperature data) by Kammerlingh Onnes (1901) long before theore tica l  expressions 
were known fo r  the expansion coe f f ic ien ts .  The expansion relates the 
pressure ,P, temperature ,T, and volume per part i  cl e ,v ,  o f  a gas to a power 
series in v- 1 ,
= 1 + B(T) v " 1 + C(T) v "2+ ........  (3.1)
The coe f f ic ien ts  B(T),  C(T), . . .  are known as the second, t h i r d ,  . . . .  v i r i a l  
coe f f ic ien ts  respect ively.
From a knowledge of s t a t i s t i c a l  mechanics and o f  the intermolecular 
potentia l  function we can,in p r in c ip le ,  calculate a l l  of the v i r i a l  coe f f ic ien ts .  
In pract ice ,  such calculat ions become d i f f i c u l t  very qu ick ly fo r  the higher 
order coe f f ic ien ts  even fo r  molecules o f  spherical symmetry possessing no in ternal 
degrees of freedom (e.g. Barker and Monaghan, 1962). Calculat ions of  the
low order v i r i a l  coe f f ic ien ts  fo r  systems composed of  spherical pa r t ic les  have 
provided very helpful information concerning the in teract ion potentia ls  of 
such pa r t ic les .  (Mason and Spurl ing, 1969). In chapter 4 we shal l describe 
how such calculat ions were used to develop a parameterized model fo r  the highly 
non-spherical in te ract ion  potential  of benzene. In th is  chapter we describe 
how the second v i r i a l  c o e f f ic ie n t  is related th e o re t ica l ly  to the potential  
function of r i g id  polyatomic molecules and,given that re la t ionsh ip ,  how to 
make e f f i c ie n t  numerical calculat ions of the second v i r i a l  c o e f f ic ie n t  fo r  such
systems.
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The theore tica l  expansion which gives expressions fo r  a l l  of the 
v i r i a l  coe f f ic ien ts  is known as the c lus ter  expansion (Mayer and Mayer, 1940) 
and i t  can be readi ly  derived using s ta t i s t i c a l  mechanics. Although th is  
expansion is well known fo r  systems composed of  par t ic les  devoid of internal 
degrees of  freedom (ro ta t iona l  or v ib ra t io n a l ) ,  the corresponding expansion 
for  systems that have those degrees of freedom is not well known. We w i l l  give 
a derivat ion of  the expression fo r  the second v i r i a l  coe f f ic ien t  fo r  systems 
composed o f  molecules possessing ro ta t ional  as well as t rans la t iona l  degrees 
of freedom, assuming that the dynamical behaviour o f  such molecules can be 
adequately described by classical mechanics. Some ju s t i f i c a t i o n  fo r  these 
assumptions, at least as they apply to benzene, w i l l  be given in l a te r  chapters. 
Although we derive only the generalized second v i r i a l  coe f f ic ien t  i t  w i l l  become 
c lear,  once that derivat ion has been made, how to wr i te  expressions fo r  higher 
order v i r i a l  coe f f ic ien ts  from the corresponding expressions fo r  molecules 
without in ternal degrees of freedom.
Using the canonical ensemble, consider systems composed of  N r i g i d ,  
ident ica l  molecules in a box of volume V and l e t  N, V -* °° in such a way that 
the volume per p a r t i c le  v
v = V/N (3.2)
is kept constant. To apply the Gibbs ensemble theory (Huang, 1963, chapters 7 
and 8) we need to know the hamiltonian H, fo r  th is  system. The system we are 
considering has 6N degrees of freedom, 3N fo r  t rans la t ion  and 3N fo r  ro ta t ion ,  
and is therefore completely described by 6N generalized coordinates q . , together 
with th e i r  6N conjugate momenta p . . The dynamics of the system is completely 
described by the canonical equationsof motion (Goldstein, 1971)
iä (P .q ) = q. (3.3)
3p, ' '
= -Pi!H(p,q)3qi (3.4)
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where H(p,q), the hamiltonian o f the system, has the value
H(p,q) = E (3.5)
where E is  the to ta l energy o f the system.
For any given system the generalized coordinates are non-unique and 
here we w i l l  use the fa m il ia r  cartesian components o f position with respect 
to some laboratory frame of reference
| r ^ j I i  = 1,3; j  = l  ,Nj = | r ^ | j = l  ,n|  (3.6)
as tra ns la t io na l coordinates and Euler angles (fo llow ing Goldstein's (1971) 
d e f in i t io n  - see Appendix I )
j  I i =1 »3; j = 1,n|  = |a_j | j = l , n|  (3.7)
5 {(V*rV|j=1>N}
fo r  the ro ta t iona l coordinates.
The momenta conjugate to these coordinates are well known (Goldstein, 1971).
For the trans la t iona l coordinates they are the cartesian components of l in e a r 
momentum
|p i j  I i = l  .3; j =1,n)  = (jDj I j =1,n)  (3.8
where
p_. = mr. = mdr/dt (3.9)
and where m is the mass of a molecule. The momenta conjugate to the Euler angles 
are
{ P a i j l 1 = 1’ 3; j= 1 ’N}  = (3.10)
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It is shown in appedix II that
where
f  cosijj, sine sinip O' 
j -sinip, sine cosi  ^ 0
I
{  0 cos e 1
and I
P
is the principle inertia tensor,
oo
I = 0 I 0=p 2
lo 0 r 3-
(3.11)
(3-12)
(3.13)
Comparing equation (3.9) and (3.11) we can see that the relationships 
for rotational variables are considerably more complex than the corresponding 
ones for translational variables. Not surprisingly, the hamiltonian for this 
system is quite complicated and we do not give i t  here (Appendix II) . The 
energy of the system can be expressed quite simply in terms of non-canonical 
variables as
N
I
i = i
Pi . 1 
2 %>1 V + j  I  w.,(r,a)  ^ i / j  J (3.14)
where is the principle angular velocity. I t  is well known that the second 
virial coefficient is independent of many body potentials (see for instance 
Barker et a l . 1974). Provided we remember that the principle angular velocity 
is a function of conjugate angular momenta and Euler angles, we can regard 
(3.14) as a hamiltonian. In Appendix II we show that the functional relation 
between these variables is
Pa P^ (3.15)
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The canonical part i t ion function,Q^, for a system of r igid  non-spherical particles  
can be written as
Q (V,T) = )dq6N dp6N exp -BH(p,q) (3.16)
N N, hbN
where 6 = 1/kT and h is Planck's constant.
We can use equation (3.15) to change variables in (3 .16 ) ,  so that  
integration is with respect to the principle angular velocity rather than the 
conjugate angular velocity
, Jj
fdp3N dr3N da3N d. 3N T T O  6XP ' ßE
QN(V.T) = J-------------------------  6W ~  ~P --------------- (3.17)
in N; h01'1
The Jacobean of the transformation can be evaluated by reducing i t  to block 
form
9(^,1^) N ^ “i ’-Pen)
1
= n 
i =1 3 ( >^pi )
(3.18)
which further reduces to
3 ( 0 , ^ ) N 9p .
3 ( a , a i ^ )
= n 
i =1
N
= n (sin e. I .  I 2 I 3) (3.19)
i= l
Substi tut ing (3.19) in to  (3.17) and performing the gaussian integrat ions over 
l inea r  momenta and p r inc ip le  angular ve loc i t ies  we have,
QN(V.T) = ------- -3 W  ldr3N d“3N n (sin exp (-8W) (3.20)
N n: x3N x3N > i = i  1
t r  rot
where x^r and are the translational and rotational thermal wavelengths 
respectively.
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X h2t r  /  2TrmkT
h2
lro t
2 n ( I . I 2I 3) 1/3kT
(3.21)
(3.22)
From e qu i l ib r ium  s t a t i s t i c a l  mechanics, the pressure of the system 
can be expressed in terms o f  a volume d e r iva t i ve  o f  the canonical p a r t i t i o n  
funct ion
_P
kT
I
N sv An Qn
We can re - w r i t e  (3.23) as
(3.23)
P4  = 1 + v «
KT 3V (3-24)
where in the thermodynamic l i m i t  (N,V -> °°)
An —  !d r3N da3N n (s in  e .)  n (1 + f . . )  
r  j i 1 i > j  ^
(3.25)
and where f ^  is the Mayer f - f u n c t io n  (Mayer, 1942)
f i j  = exp ( - ß  V  _1 (3.26)
The product over i , j  in (3.25) can be expanded
n
i > j
(1+fi j ) i  + i  i>j
+ 1
i>j>k>£
(3.27)
Now i f  max I f . . I over the range o f  the arguments o f  the po ten t ia l  is  f and
I J M i d X
i f  the po ten t ia l  decays to zero when the in te rmolecu la r  separat ion is  greater  
than some value r  , i t  is  easy to show tha t  the r e la t i v e  orders in densi ty  
o f  the expanded terms occurr ing in equation (3.27) is
3 4.
° i f max ( v v)2j ,o! f 2 ^ max ( r o/ v ) 4
3
Thus i f  the gas is suf f ic ient ly  di lute so that rQ/v < 1 ,  i t  is a good approxima­
tion to ignore all but the f i r s t  two terms. Within this approximation Z is 
given by,
Z = ^ stn I (8it2)N sine
12
f
12
(3.28)
where and a_ are the position and orientation of molecule 2 with respect 
to a coordinate frame fixed in molecule 1. Substituting equation (3.28) into 
(3.24) we obtain
Pv
kT 1 - fdr da, sin 0 f  ) - 1 2  - 1 2  12 12 (3.29)16tt2v
We have thus calculated the f i r s t  correction to the ideal gas equation of state 
for gases composed of r ig id polyatomic molecules. The second v i r ia l  coefficient 
is given by
-  -  7 7 T  K l 2  di l 2  0 12 f 12 ( 3 - 3 0 >lOTT J
Had we retained terms of order f 2 in equation (3.27) we would have derived an 
expression for the third v i r ia l  coefficient. I t  is easily seen that i f  the 
interaction potential is independent of the mutual orientation of the molecules 
we obtain the usual result for the second v i r ia l  coefficient of spherical 
molecules (HCB)
f°°
B<T>spherical = j dr i *  f i *  (3' 31)
0
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§3.2 Non-product integration formulae
The problem of calculating the second virial coefficient for rigid 
non-spherical molecules has been reduced to quadratures. In general, i t  is 
not possible to evaluate equation (3.30) analytically. The usual method of 
calculating one dimensional integrals numerically is to use an integration 
formula such as the trapezoidal rule, Simpson's rule or perhaps a Gaussian 
integration formula (Conte and de Boor, 1972). All such rules replace the 
integration by a weighted sum of function values
If we consider definite integrals over the range (-1, +1) then Simpson's 
rul e is ,
The weights w. and the sample points are chosen so that Simpson's rule is 
exact i f  f(x) is a polynomial of order less than 4.
The integrand in equation (3.33) will in general not be such a 
polynomial and in fact i t  is not usually sufficiently smooth that one application 
of the rule will give the required accuracy. The range of integration is 
divided into a large number of subintervals so that applying the integration 
rule to each one in turn, and then adding the contributions, gives an accurate 
estimate for the integral.
An N-dimensional integration can be expressed as a product of one 
dimensional integrals
(3.32)
(3.33)
(3.34)
so that at least in theory we can calculate multiple integrals using one 
dimensional rules. Substituting (3.32) into (3.34) we see that
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d x f(x) « I l  w. (xi) (XN?
1
(3.35)
so that the weights obtained by the successive application of one-dimensional 
rules are products of one-dimensional weights. We call such methods of 
calculating multiple integrals product methods. Further, i f  the one­
dimensional rule is of order m (that i s ,  i t  is exact for polynomials of degree 
less than m + 1) then the product application of these rules in N dimensions 
will be exact i f  f (x_) takes the form
m m  a «
f M  = l  . . . . . . . . .  I  A„ „  X,  • • • •  x n N ( 3 - 3 6 )
From equation (3.35) we can see that i f  the one-dimensional rule we are using
requires p function evaluations then i ts product application to N dimensions 
Nwill require p function evaluations. Obviously, N does not have to be very 
large for this to be a prohibitively expensive method. This is especially so 
when we remember that in any practical problem we must use many subdivisions of 
each dimension»applying the rule to each in turn. Consider the six dimensional 
integration needed for the second virial coefficient. If we use Simpson's rule 
we may require about 10 subdivisions for each variable to obtain sufficient 
accuracy and since Simpson's rule uses three function evaluations per 
subinterval, we require 106 * 36 function evaluations in all!
Fortunately, there are more efficient ways of calculating multiple 
integrals. One possibility is the Monte-Carlo integration procedure (Hammersley 
and Handscomb, 1964). This method makes use of fast  random number generators 
available on most computers to make a s tat is t ical  estimate of integrals using 
random sampling techniques. In practice, the Monte-Carlo technique has a 
number of pleasing properties. The integration region need not be subdivided
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into subregions and as the integration proceeds i t  supplies running estimates 
of integration accuracy. A disadvantage is i ts slow rate of convergence 
(1/ /  P for P function evaluations). Its use is largely restricted to problems 
in more than about 10 dimensions where i t  is the only practical method. In 
a smaller number of dimensions other methods are superior, especially if  high 
accuracy is required. We shall have more to say about the Monte-Carlo method 
in later  chapters when we shall use i f  for other problems.
For an integration in less than 10 dimensions the best integration 
schemes known at present are the "non-product" integration formulae (Stroud, 
1971). These methods employ the same basic ideas as the one-dimensional 
integration rules in that they seek exactness for certain classes of poly­
nomial. A non-product formula of order m in N dimensions is exact whenever 
f(_x) takes the form specified in equation (3.36) supplemented with the 
constraint that
N
I a. = m (3.37)
i =1
Consider the product application of a one-dimensional rule to N dim­
ensions and the possible nature of the functional variation of an integrand for 
which the procedure is exact. If the centre of the integration region is the 
origin and i f  the distance of a function point from that origin is S, then a 
product formula of order m will be exact for functions f(x_) varying as Sm 
along the x axis, say. I t  will also be exact for functions f(x) varying as 
S along the line = x2 = .......  = XN‘ Proc*uct formulae have highly aniso­
tropic accuracy constraints as N becomes large.
Non-product integration formulae satisfying (3.37) have much more 
isotropic accuracy constraints. Along the line xx = x2 = . . . . =  x  ^ they are 
only exact for functions having the same variation with S as along the x1 axis.
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It  is known that non-product formulae of order 3 exist which require only 2N 
function evaluations (Stroud, 1957). This relative increase in efficiency is due 
to the fact that product formulae spend a great deal of effort as N -* « seeking
accuracy for very high rates of integrand variation in some directions within 
the integration region while requiring accuracy for relatively low rates of 
variation in other directions.
Although we have introduced non-product rules using equations (3.36) 
and (3.37), the name is derived from the fact that their  weights do not 
satisfy the product formula (3.36).
The development of non-product formulae is hampered by several 
problems (Stroud, 1971) including :the existence of integration regions ,R, 
for which non-product formulae are unknown at the present time, the absence 
of an N-dimensional analogue of Lagranges interpolation formula and the lack 
of a wel1-developed theory of orthogonal polynomials in N dimensions. Where 
non-product formulae are known, they are not always accurate. Some formulae 
require function values from outside the integration region (Tyler, 1953) while 
others have sample weights W^ which vary in sign (Hammer and Stroud, 1956) 
increasing the probability of round-off error.
To emphasize such d i f f i cu l t i e s , i t  should be noted that for an 
integration over any N dimensional region, non-product formulae are unknown 
that have positive weights, interior sampling and have order > 4. We will 
show that the absence of such well-behaved high order formulae is not 
necessarily a handicap for our virial integration. In fact,  we will show that
t
for that integration, although higher order formulae are available, a formula 
of order 2 seems to be most efficient.  Before doing this ,  we will present a 
brief description of the derivation of some of the most efficient well-behaved 
non-product formulae.
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Consider an integrat ion formula which is exact for non-product 
polynomials of degree m in N dimensions ( i . e .  for polynomials sat isfying 
(3.36) subject  to (3.37) and which samples the function at P points
j dNx f(x) 
R
ftXfc) + R(f) (3.38)
The integrat ion region is R with centroid at  the origin and the remainder 
which measures the error  of the integrat ion formula is R(f). We will show 
how R(f) can be set  to zero for the polynomials described above of maximum 
degree m.
DEFINITION. A region R is said to be symmetric i f  for all  permutations,p,of N 
elements
{(x: xN)j { (xp ( l ) ’ 'p(N) ) } (3.39)
DEFINITION. A centred formula F(f) e £ w^ffx^) over a symmetric region R is
k
one for which
- i  ’ - j {V and x_. , x_.  ^ 0 J
implies w w. J
We shall call  any such x . ,  x^  shell points ,  and w^  = Wj = w the 
shell weight.
For the res t  of this chapter we assume, without loss of general i ty,  
that  the symmetric region R has i t s  centroid at the origin.
DEFINITION. The image of a point x is the point -x_.
THEOREM 1. The n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  t h a t  o v e r  an N -d im ens iona l  
s y m m e tr ic  r e g i o n  R ( c e n t r o i d  a t  t h e  o r i g i n ) ,  N + 2 p o i n t s  form a c e n t r e d  
formula ( s h e l l  w e i g h t  W and c e n t r o i d  w e i g h t  W J  o f  o r d e r  2 i s  t h a t  th e  s h e l l  
p o i n t s  a r e  e q u i d i s t a n t  and l i e  on t h e  s u r f a c e  o f  an N -sp h e re  c e n t r e d  on th e  
c e n t r o i d  w i t h  r a d i u s
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2 f N
w N+l (where  I x? dx)
and t h a t  W + (N+l)w -  1 ^  (where d x ) .
R
Proof.  Let the N + 2 points  be denoted:
*1 = <Vi ,! > Vi , 2 ’ • • • ’ Vi ,N} (l' = °* • • • ’ N + 1)
and v = 0, 
— o
Without l o s s  o f  g e n e r a l i t y  we assume the centroid i s  at  the  
o r i g i n .  A formula
N+l
F(f )  = w f ( v  ) + I  w f ( v i ) 
i =1
(3.40)
w i l l  be an i n t e g r a t i on  formula o f  order 2 on symmetric R i f  and only i f
F ( l )  -  I0 .
F(x.) = 0, 1=1, N,
F(x. x. )  = I26 . j ,  i ,j = 1 >N .
Substituting (3.40) into (3.41),  (3.42) and (3.43) in turn we obtain
(3.41)
(3.42)
(3.43)
wQ + (N+l)w = IQ
N+l
I vr i
•=1 r>1
0 ,  i= l , N
(3.44)
(3.45)
N+l j
y V . v  . =  2 X
r=l ri rj I  r
and
(3.46)
41.
Now considering the matrix
Vi , i  VN+1,1
Vi,N VN+1 ,N
n
/ W(N+1) /  W(N+1)
r i
(3.47)
we see that
In other words
T  ^2s-a = (3.48)
V .  . V  .r=l i j  j r  W v i j  N+l , i , j  = 0,N . (3.49)
Setting i= j  we see that  a l l  shel l  points are a distance ^!h N+l from the
centroid
The square of the distance apart of two shell points is
(v. -v. ) 2 + . . .  + (v. -v. ) 2 , i , v 11 j  l '  v in /in' ’ T J ’
2v..  + . . .  + v. + v. + . . .  + v. -2(v. v. + i 1 m j  l j  n v 11 j  l + v. v . ) in jn '
2 I /W independent of i , j  . (3.50)
We have proven the theorem. At the end of this chapter there is a table of non­
product integration formulae together with references to the ir  derivation. Form­
ulae ESN+2 and SN+1 satisfy the conditions of Theorem 1 for integration over unit 
N-cubes. They are therefore exact for polynomials of order 2. The conditions of 
the theorem only determine the mutual disposition of the sample points and say 
nothing about the ir  relationship to the region boundary.
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THEOREM 2 .  The n e c e s s a r y  a nd  s u f f i c i e n t  c o n d i t i o n  t h a t  o v e r  a s y m m e t r i c  N
f  f 2
d im e n s io n a l  r e g i o n  R ( w i t h  ( w i t h  I Q - jdx , 12 = Xj d x , i = 1 ,N) , N p o i n t s  
{_VX, , V^ } t o g e t h e r  w i t h  t h e i r  im a g e s  a n d  t h e  c e n t r o i d  f o r m  a c e n t r e d
i n t e g r a t i o n  f o r m u la  ( s h a l l  w e i g h t W a nd  c e n t r o i d a l  w e i g h t  o f  o r d e r  3 ,  i s
t h a t  t h e  s h e l l  p o i n t s  a l l  l i e  on t h e  s u r f a c e  o f  an N - s p h e r e  o f  r a d i u s  v(I W )  
w i t h  ! V_^ -V. j = Const, f o r  V^. ,V- f  0_ a nd  i  , j  > 0, and  t h a t WQ + 2NW = I Q.
Proof. We denote the shell points
*1 (v i i ’ viN ) and -V.. = v = (-v i i  ’ ' viN) i = 1 ,N
and the centroidal point = 0. Again we assume that
the centroid is at the origin. These 2N+1 points will  form a formula of order
3 over symmetrical R i f  and only i f
F( l )  -  I 0 . (3.51)
F(xi xj ) = V 2 • (3.52)
The conditions that all l inear and cubic monomials must integrate to zero are 
automatically satisfied by the inclusion of image points.
Substituting (3.51) and (3.52) into the rule we see that
and
W + 2N W = I 
0 0
v ... v
6. -I 13 2
r= l ri r j  2W
0.53)
(3.54)
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Considering the matrix
A = (3.55)
lV ... V 1in nnj
and noting that
(3.56)
we see that
(3.57)
Following the procedures in theorem 1 we can easi ly  complete the proof 
of the theorem.
Formulae S2N, T2N, ER, ES2N+1 in the table all s a t i s fy  the condition 
of th is  theorem for unit  N-cubes and are therefore exact for polynomials of 
order 3.
P
COROLLARY. I f  F(f) = W f(0) + ) W*f(Vw) is any c e n t r e d  i n t e g r a t i o n  fo rm u la
0 ~ K=1
on a s y m m e tr ic  N d im e n s io n a l  r e g io n  R o f  o r d e r  l e s s  than  o r  e q u a l  t o  3 ,  th e n  
a n o th e r  c e n t r e d  i n t e g r a t i o n  f o r m u la , F ' , o f  t h e  same o r d e r  can be  g e n e r a te d  
fro m  F by a p p l y i n g  an o r th o g o n a l  t r a n s f o r m a t io n  a b o u t  t h e  r e g io n  c e n t r o i d  t o  
t h e  sam p le  p o i n t s .
Proof. We denote sample points
v. i = 1,P ,
44 .
We know
f ( i ) - i0 , I
F(x1) = 0 . 
F^Xi Xj ) = T2«1j •
(3. 58)
F(xi x ixk} = 0
W„ + P W = I , )
0 0
r=l vri = 0 >
rl, VriVrj = VlJ * (3.59)
vr i vr j vrk 0 '
Let S be anorthogonal matrix
*i -  s -v ,  . (3.60)
r
We have to show the corresponding equations for F‘ (f ) = w f(0) + w / f ( 0
0 k=l
are sa t i s f ie d .
P
I Vir-1
P N
\  l  s is vrs r= 1 s=l
(3.61)
as required (by changing the order of summation and using the second equation 
of (3.59)).
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P P N N
I vri vri  = I I I Sis Si t  vrs vr tr=l ri rj  r=l s=l t=l  J I  r L
N N
s=l t=lL  Sis Sj t  12 Vst
and l a s t l y ,
y S. S.. IS  is j t  2 
S = 1
6 ^  I2 as required;
P P N N N
Vri vrj vrk " ^  ^  ^  Sis Sj t  Sku vrs vr t  Vru
=  0
by changing the order of summations.
The f i r s t  equation of (3.59) for F1 is easi ly seen to be sa t i s f ied .  
This completes the proof. This corol lary demonstrates equivalences between 
formulae ER and ES2N+1 and between T2N and S2N given in the table at  the end 
of this  chapter.
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§ 3.3 Comparison o f formula accuracy
We w i l l  now compare the accuracy o f some of the in tegra tion  
formulae given in the table at the end o f  th is  chapter, by performing a 
number o f tes t in tegra tions .
A: +i
dNx rxp (xx + . . .  + xN)
-i
TABLE 3.1
N exact T2N+1
2 5.524 5.45
6 168.598 133.5
12 28,425.4 12,994
T2N
5.409
139.4
15,409.9
E2 ER ESN+2
5.401 5.429 5.255
131.3 140.4 175.99
12,705.8 15.558.3 56,088
ESN+1 SN+1
5.429 5.251
157.31 169.4
36,397.7 50,796
S2N
5.409
154.7
34,739.6
Table 3.1 shows the results  of in tegra tion  A. The performance of a l l
formulae deteriorates with increasing dimension, but the S and ES formulae with
in te r io r  sampling perform be tte r than others.
I t  is  possible, in theory, to ca lcu late bounds fo r  in tegra tion  errors
from the ana ly t ic  properties rap id ly  w ith increasing dimensions. The erro r
analysis is  in general more d i f f i c u l t  than the in tegra tion  i t s e l f ,  involv ing
an hierachy of in tegra ls  in N, N - l,  N-2 . . . ,  1 dimenions where the number o f
ind iv idua l in tegra ls  in N-r dimensions increases rap id ly  with r (Sard, 1963).
We do not report such ca lcu la tions.
B: +1
j d^x r  | r 2 = x2 + . . .  + x^
- l
These results  are shown in table 3.2. We see immediately tha t 
several groups o f formulae y ie ld  iden tica l resu lts . Those groups are made up
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of formulae that are equivalent modulo a unitary transformation of sample points. 
I t  can be proved that those formulae that appear to converge to the exact 
answers as N increases, in fact do so.
N HS(exact)
TABLE 3.2 
ER, ES2N+1 E2
2 2.48' 2.2' 1.6
6 290.13' 277.3' 76.8
12 69,905.6' 68,266.6' 9,830.4
T2N , S2N , SN+1 T2N+1
1 - 7 1 2.6
256.0 128.0
65,536.0 16,384.0
ESN+2
2.37
292.5
70,577.0
C: A tr ia l  second virial integration
Because real is t ic  potential functions are expensive to integrate i t  
was decided to use a simplified potential as a tes t  function. The potential 
used was
W12 = 4e [ ( a / r )12- (a / r )6 ] (3.62)
with e = 400K and a = 5.27 8. Although this potential is spherical by symmetric 
i t  provided a good test of both the integration procedure and the integration 
formulae. Only two of the variables in equation (3.30) are cyclic so, in fact, 
we have a four dimensional integral to evaluate. We should mention here that 
accurate tables exist for the second virial coefficients of the Lennard-Jones
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SN+1 fig . 3.1
ES2N+1
LO G (N ° of Fn Evaluations)
\
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po ten tia l.  The program requires the termination of W fo r r  << o (where W 
diverges) and the form o f th is  termination does not enable comparisons to be 
made with those tables to an accuracy be tte r than .5%.
Figure 3.1 shows resu lts  from several formulae using d i f fe re n t  
subdivisions. The logorithm o f the d ifference o f the computed B at 600K 
and the estimated B(600K) is  p lo tted  against the logorithm of the number of 
function evaluations. The most e f f ic ie n t  formulae are those closest to the 
lower l e f t  hand corner o f the graph and the most in e f f ic ie n t  are those towards 
the upper r ig h t  hand corner. The f i f t h  order Hammer Stroud gives the 
poorest performance and fu r th e r calcu lations confirmed that th is  was not 
due to accumulation of round-off errors. The conclusion is tha t fo r  the 
second v i r ia l  c o e f f ic ie n t  ca lcu la tions i t  is  more e f f ic ie n t  to use a low 
order formulae with more subdivisions than to use a higher order formula 
with fewer subdivisions.
Inaccuracies a r is ing  from the e rro r in the estimated value o f B(600K) 
which was about 1.04 cm3/Ms suggest tha t no meaningful comparisons can be 
made concerning the most accurate runs fo r  each o f S2N, SN+1 and ES2N+1.
I t  appears tha t ES2N+1 gives marginally be tte r performance than S2N or SN+1 
although i t  is thought tha t ESN+2, which was not tested here, should be at least 
as good.
0
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§3.4 Example: The second virial coefficient of Steam
Although this thesis is not directly concerned with the properties 
of water, an opportunity presented i t s e l f  of applying the methods developed 
in §3.2 to a problem that arose during a general study of that substance under­
taken by Kistenmacher et a l . (1974). Briefly, these workers had developed 
a water-water pair potential by performing ab init io Hartree-Fock calculations.
A major drawback of Hartree-Fock calculations is that they do not 
include all possible terms in the interaction potential. They omit electron 
correlation effects (Wigner, 1934), the long range limit of which is the 
familiar London dispersion energy. Although these terms can be estimated 
from the Hartree-Fock molecular wavefunctions using perturbation techniques 
(Lie and Clementi, 1974) when this work was completed, such calculations 
had not been done. The natural question that arose was, what is the possible 
size of these interactions and what effect do they have on the calculated 
properties of water.
Kistenmacher et a l . (1974) examined the effect of correlation 
energy in liquid water by adding to the Hartree-Fock potential a number of 
approximate theoretical expressions for these effects. The expressions 
included the London dispersion term with coefficients calculated using the 
London and by Kirkwood and Muller approximations (Eisenberg and Kauzmann, 1969). 
At short range, the effects were approximated using expressions developed by 
Wigner (1934) in calculations of the properties of an electron gas. All the 
possible models gave a reasonable qualitative account of the radial d is t r ib­
ution functions of liquid water but the model with the strongest correlation 
energy correction was closest to experiment.
We calculated second virial coefficients for the various models 
using a program developed for benzene which employed the methods of §3.2 
(Evans and Watts, 1974).
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The symmetry of the water molecule can be used to reduce the 
range of integration for some of the variables in the integration (3.30).
'f  the z molecular axis is parallel to the bisector of the 
H-O-H angle, and i f  the molecular origin is the oxygen nucleus then in a 
coordinate frame that is coincident with the coordinate system of molecule 1 
the second virial coefficient is given by
In practice, the spatial integrations were truncated at about 30 %. The 
region of integration for each spatial variable was subdivided into a 
maximum of 18 subintervals which were most finely spaced in the regions where
If 1 2 1 was largest. Each angle range was subdivided into three equi-spaced 
subintervals.
Details of the analytic form of the water interaction potential can be 
found in (Evans and Watts,1974). The integration formula which was found to be 
most e ff ic ient  was ESN+2 (Evans, 1974). The computed virial coefficients  
for the various potentials are shown in figure 3.2. Since in the computat­
ion of the virial coefficient i t  is the potential evaluation which consumes 
most computer time, the computer program uses the same set of function 
evaluations to calculate virial coefficients at eleven different temperatures 
simultaneously. It was found that after making about 335,000 function 
evaluations the estimated numerical error of the integration is about .3% 
at 400K and about 1% at 700K. This is interesting, since we would usually 
expect larger errors at low temperatures where the integrand was less smooth.
cm
y 
M
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This effect is counteracted though by integrand cancellation which is more 
complete at higher temperatures near the Boyle temperature.
Though the main purpose of this discussion of the computation of 
virial coefficients for water was to describe the method, as opposed to 
the physics of the water-water interactions we include now a very brief 
summary of the physical implications of the calculations shown in figure 3.2. 
A fuller description may be found in (Evans and Watts, 1974).
Briefly, the Hartree-Fock potential that gives the best predict­
ions of the liquid structure gives the poorest predictions of the second 
virial coefficient, the Hartree-Fock potential with Kirkwood-Muller 
correlation term. This indicates that either the basic Hartree-Fock pair 
potential is incorrect or, since i t  is a pair potential, many-body terms 
are important in the liquid and the comparison of potentials in that state 
is no more than a comparison of effective pair potentials.
A second point that arose from the work was that regardless of the 
value of the long range London dispersion term, i f  the potential was not 
corrected at short range, the resultant second virial coefficient was too 
strongly temperature dependent. This was discovered when we estimated the 
London coefficient by demanding that the resultant potential should give 
the correct virial coefficient at 750K. The resulting potential gave too 
negative a value of the virial coefficient at lower temperatures. However, 
i f  the Hartree-Fock potential was modified by the Wigner and London terms 
approximately the correct temperature dependence was found. This seems to 
indicate that electron correlation corrections must be made over the whole 
distance range and not just in the long range limit.
TABLE OF INTEGRATION FORMULAE
Each o f  th e  formulae  given in t h i s  t a b l e  a p p l i e s  to  th e  
i n t e g r a t i o n :
r+1 r+1
j •••
- 1  - 1
f ( r )  d r
Accompanying each e n t r y  in t h e  t a b l e  a re  comments conce rn ing  t h e  o r d e r  o f  
e x a c tn e s s  o f  the  fo rm u la ,  w he the r  t h e  sample p o in t s  l i e  w i th in  th e  u n i t  
N-cube and whether  th e  sample w eigh ts  have th e  same s ig n .
SN+1
p o in t s  ( r i;L, r - 2 , r. w e igh t  2N/(N+1)
'i,2K-l = / l C0S kir/(N+l) K = 1,2,  . . .  , [N/2] ,
r ,  „„ = / I  s i n  [2ik7i /(N+l) |  i = 0 , 1 ,  . . . , Ni ,2K i
I f  N odd
ri,N =
I n t e r i o r  s am pl ing ,  equal w e i g h t s ,  o r d e r  2. ( S t r o u d ,  1957)
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S2N[ 8]
points ( r i i , . . . ,  r . ^ )  weight 2N/(2N) .
r i ,2K-i = / I  C0S[ ( 2K- 1) i7T/ N]
r i,2K = / | s 1 n ( ( 2 K - l ) i . / N j  
K = 1, 2, . . .  , [ N/2] , i = 1 . . .  2n .
I f  odd .
r i,N = ( - X) ■
Interior sampling, equal weights, order 3. (Stroud,1957)
T2N+1[ 9]
point (0, . . . ,  0) weight • 2N [negative N > 3]
2N
points ( ± 1 , 0 . . ,  0) weight-g- .
Interior sampling, positive and negative weights, order 3.
(Stroud, 1972)
points (±v, 0 . . .  0) weight 2N/2N .
v = /N/3 .
Exterior sampling, equal weights, order 3. (Tyler, 1953)
HS[ 10 ]
point (0 . . .  0) weight p§N M l5N n 62 l  2N _
points (±v,0, . . . ,  0} weight 2^ * [negative N > 3]
v = / V 5
points (±v, (±)v, 0, 0) weight k | | j  2N .
In ter ior, positive and negative weights, order 5. (Hammer and Stroud,
1956)
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ER
point (0 . . .  0) weight 2N/(2N+1)
point (±v,0 . . ,  0) weight 2^/(2N+l)
V =
Exterior equal weights, order 3.
(0 . . .  0) weight 2N(/2N+l) 
( tv ,  0 . . .  0) weight 2N/(2N+1)
v = /3 /5  .
Equal in ter io r  weights, order 1.
E2
(0 . . .  0) weight 2^( l-5N/9) negative for n > 1 
( ±v , 0 . . .  0) weight 2N • 5/18 
v = /375 .
In te r io r ,  positive and negative weights, order 3.
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ES2N+1
1 p o i n t  (0 . . .  0) weight  2N/(2N+1)
2N p o i n t s  ( r .  . . .  r .  N) weight  2N/(2N+1)
I f  N odd
ESN+2
I f  N odd
r i ,2K-1 = M r  ■ c o s [ (2K-1)1w/ n] |
\  N even
r i ,2K = / W  • s 1 n ( ( 2 K - l ) 1 . / N j l
r 1 *N
I n t e r i o r ,  equal  w e i g h t s ,  o r d e r  3.
1 p o i n t  (0 . . .  0) weight  2N/(N+2)
N+l p o i n t s  ( r i l  . . .  r ]. N) weigh t  2N/(N+2)
N+2
3 (N+l) *
I n t e r i o r ,  equal  w e i g h t s ,  o r d e r  2.
N.B, Formulae wi th  names beg i nn ing  wi th E a r e  o r i g i n a l .
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CHAPTER 4
The Development of Benzene Interaction Potentials 
§4.1 Brief history of proposals for benzene potentials 
§4.2 The development of a tensor form for the benzene potential 
§4.3 Parameter estimation using second virial coefficient data 
§4.4 Crystal structure and la t t ice  energy 
§4.5 Calculated crystal properties 
§4.6 Variations in the model potential
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§4.] Brief history of proposals for benzene potentials
Until the mid-1960's l i t t l e  progress had been made towards develop­
ing an interact ion potential specif ic  to benzene. Prior to th is  time, 
benzene was one of a large number of re la t ive ly  common molecules that  were 
modelled by the well-known Lennard-Jones potent ia l .  The Lennard-Jones (n ,m) 
potential can be written
WLJ(n,m)(r) = £ ( a / r ) n - ( a / r ) 1
/  I (IÜ) m/ n-m _^n/n-m~j ^  ^
and is independent of or ien ta t ion .  I t  has a repulsive core for r < a and 
is a t t rac t iv e  for all  values of r  > a.  The minimum in the potential energy, 
the well depth, occurs at
1 _  
n
(4.2)r = a(JJr)m 'nr
n-m
and has the value - e .  The position of the zero, a ,  and the well dep th ,e do 
not depend on the orders of the potential (n,m). However, the shape of the 
bowl of the potential and the rate  of increase of the potential inside the 
core both depend on (n,m). Values of n and m are not often t reated as 
parameters to be f i t t e d  to experimental data and a priori  estimates of th e i r  
values are usually made. The parameters e and a are then adjusted to give 
predictions of bulk properties that  are in agreement with experimental data. 
Probably most common estimates for  n and m are 12 and 6 respectively , when 
the Lennard-Jones (12,6) potential  is
6] (4.3)WL J( l2 ,6 ) (r)  = 4eL(0/r)  - ( a / r ) j
The r " 6 long range distance dependence is in agreement with the known distance 
dependence of the London dispersion force. (London, 1941),
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Values of a and e appropriate to benzene were usually chosen on the basis 
of predicting either second virial coefficients or dilute gas v iscosit ies .
Table 4.1 shows a number of Lennard-Jones potentials for benzene 
together with an indication of the properties used to derive them. These 
potentials suffer from a number of shortcomings. In particular, parameters 
derived from experimental virial coefficients do not give reasonable estimates 
of gas v iscosit ies  and vice versa. Potentials derived on the basis of
one set of experimental data are not usually transferable to studies of other 
properties. A major aim of this thesis is to develop an interaction 
potential that can be used to predict not only gas phase properties but also 
properties of benzene in condensed phases.
Another unfortunate characteristic of the spherically symmetric 
potentials is that in general they have values of a that are larger than 
expected on the basis of crystal data. Thus the smallest value of a for 
the Lennard-Jones (12,6) model derived from virial coefficient data is 6.92 ft 
and the smallest from viscosity data is 5.27 ft. These potentials 
have minima at 7.77 ft and 5.92 ft respectively. As the nearest neighbour 
distance in the crystal at absolute zero is signif icantly  smaller than either  
of these values, namely 4.91 ft, i t  follows that these spherically symmetric 
interaction potentials cannot give an adequate description of the solid.
It was shown by Bottom!ey and Spurling (1966) and by David et a l . 
(1957) that Lennard-Jones (18,6) or (28,7) potentials could produce consid­
erably better f i t s  to experimental virial coefficient data for benzene than 
could the (12,6) potential. The inadequacies of these potentials implies 
that they are l i t t l e  more than elaborate algorithms for summarising (not 
predicting) experimental data.
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TABLE 4.1
Lennard-Jones 
orders (n,m)
e/K(°K) a(8) 0xlO"26 data
★
Reference
(12,6) 440 5.27 0 n HCB
II 335 5.628 0 n Flynn and Thodos 1962
II 308 6.92 0 B Connolly and Kandalic 1960
II 195 9.75 0 II Cox and Andon 1958
II 183 10.33 0 II Andon, Cox and Herrington 
1957 and Martin
II 240 8.64 0 ll David, Hamann, Thomas 1959
(26, 6 .5) 470 7.26 II II II
(28,  7) 570 6.74 II ll ll
(18,  6) 350.2 7.635 II ll Bottomley and Spurling 1966
(12, 6) 284.4 5.79 20.2 ll
(18,  6) 446.7 5.491 15.7 ll
*n denotes f i t to v i s c o s i t y  data B denotes second v ir ia l  c o e f f i c i e n t
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Early attempts to describe e ffects  o f the molecular geometry of 
benzene included the use of the spherical shell potentia l (De Rocco and 
Hoover, 1961) and o f the Lennard-Jones potentia l supplemented with the perman­
ent quadrupole in te rac tion  (Bottomley and Spurling, 1966). The spherical 
shell model assumes tha t Lennard-Jones (12,6) in te rac tion  s ites  are uniformly 
d is tr ib u te d  over the surface o f two spheres representing the in te rac t in g  
molecules. The to ta l in te rac tion  is then computed as the pair-w ise sum 
o f the in fin itesm al contributions from a l l  the s ite s .
I t  would be more r e a l is t ic  ,fo r  the benzene molecule,to substitu te  
a hoop, or perhaps a to rus , fo r  the sphere. Unfortunate ly, the resu lt ing  
po ten tia l cannot be w rit ten  as a simple ana ly tic  expression.
About f i f te e n  years ago K ita igorodsk ii (1966), Williams (1966) and 
other so l id  state workers developed a number o f atom-atom intermolecular 
po ten tia l functions to use with organic c rys ta ls . In th is  approach the 
po ten tia l energy of two molecules 1 and 2 is  given by
W>2 = X£i j  6XP + V r i6j  (4 ' 4)
where the i , j  indices run over the N ( f ixed) nuclear positions in molecules 
1,2 respective ly , r ^  is the i , j  in te rnuc lear separation. Equation (4.4) 
implies tha t every atom in one molecule in te rac ts  w ith a l l  the atoms in the second 
molecule through a pairwise additive Buckingham exponential s ix  potentia l 
(Buckingham, 1938). There are nine adjustable parameters in th is  model fo r  
benzene, since there are three parameters fo r  each d is t in c t  type o f atom-atom 
in te rac t io n  (carbon-carbon, carbon-hydrogen and hydrogen-hydrogen). Williams 
(1966) reduced the nine parameters to s ix  by estimating the parameters c  ^
h e u r is t ic a l ly . The remaining parameters were f i t te d ,u s in g  the method of least 
squares,to 77 crysta l properties taken from experimental data fo r  9 aromatic 
compounds, namely napthalene, anthracene, phenanthrene, pyrene, chrysene, t r i -  
phenylene, perylene and ovalene He assumed that the parameters in the atom- 
atom in te ractions were independent o f the molecule being considered.
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Despite the large quantity of experimental data used in the 
f i t t ing process, large correlation coefficients were observed for many of 
the parameters. This implies that the Williams atom-atom model has more 
parameters than is warranted by the quantity and quality of the experimental 
data.
Potential parameters for the Williams model together with values 
from the atom-atom potentials of Kitaigorodskii (1966), Bartel! (1960) and 
Crowell (1958) (see Oliver and Walmsley 1969) are given in Table 4.2.
TABLE 4.2
e x 10s ( K) a(%) y x IQ4 (K-K6)
Wi11iams
H-H 3.035 .2674 1.811
C-H 4.437 .2725 6.997
C-C 37.490 .2778 26.937
Kitaigorodskii
H-H 20.0418 .2058 2.637
C-H II .2427 7.120
C-C II .2778 17.405
Bartel 1-Crowel1
H-H 3.317 .2451 2.477
C-H 8.091 .2625 6.548
C-C 19.701 .2817 17.311
Numerical difficult ies prevented any of the solid state atom-atom 
potentials being used in any phase other than the solid phase before 1972.
In that year Dows and Hsu (1972) reported an approximate calculation of 
the second virial coefficient of benzene using the Williams (1966) potential.
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Inefficiencies in the ir  integration algorithm prevented Dows and 
Hsu from accounting for the dependence of the Williams potential on the 
th ird Euler angle for both molecules. This reduced the v i r ia l  coeff ic ient  
calculation from a six dimensional integration to a four dimensional one. 
They found f a i r  agreement with experiment for the Williams potential at 
high temperatures (~ 600 K) but at about 300 K the ir  results were some 30% 
too negative.
We have repeated the calculation using a l l  six integration  
variables and discovered that the results of Dows and Hsu's were about 15% 
too positive. Results for the second v i r ia l  coeff ic ient predicted by the 
Kitaigorodskii and Bartel 1-Crowel potentials are shown in Table 4.3 while 
predictions made by the Williams potential are shown in Figure 4.1. I t  can 
be seen that although results for the Williams potential are far  more 
accurate than those for  the other atom-atom models they are not good, being 
too strongly temperature dependent.
6 5 .
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TABLE 4.3
Second virial coefficient (cm3/mole)
T(°K) Expt Kitaigorodskii Bartel 1-(
295 -1503 -1412 -966
308 -1330 -1231 -849
323 -1180 -1067 -754
331 -1123 -996 -713
343 -1023 -900 -652
355 -939 -815 -596
380 -785 -684 -502
417 -638 -543 -400
458 -521 -426 -319
533 -372 -289 -214
553 -330 -262 -192
573 -315 -239 -175
593 -288 -217 -159
623 -256 -188 -137
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§4.2 The development o f a tensor form fo r  the benzene potentia l
In chapter 2 we developed a set of equations capable of describing 
the long range in te ractions o f benzene (equation (2 .21), (2 .48), (2.50) and 
(2 .51)). The short range quantum repulsion force has two adjustable parameters 
e,a which in the absence of accurate quantum mechanical ca lcu la tions, must 
be f i t t e d  to experiment. The long range terms re fe r  to the quadrupole moment Q, 
the components o f the p r in c ip le  p o la r iz a b i l i t y  t e n s o r , a n d  , and the o s c i l la to r  
energy,aE, required fo r  the dispersion term.
Experimental estimates o f the values o f these quantit ies  fo r  benzene 
are available in the l i te ra tu re .  Benson and Flygare (1971) obtained a value
_  o  r
fo r  the quadrupole moment of (5.6 ± 2.8) * 10 esu cm2. I t  should be 
remembered tha t th is  quantity  is subject to considerable experimental e rro r.
I t  is well known (Margenau and Kestner, 1969) tha t AE is bounded above and below 
by the ion iza tion  potentia l and the f i r s t  e lec tron ic  exc ita t ion  energy respect­
ive ly .  For the purposes o f our work we equated ÄE" with the ion iza tion  potentia l 
of 9.24 eV (Dewar et a l . ,  1970). The p r in c ip le  components o f the p o la r iz a b i l i t y  
tensor were taken from Landolt and Bornstein (1951) which gives 
a.. = 63.5 x 10 '25 cm'3 and ^  = 123.1 x 10"25 cm"3.
Upon subs titu t ing  these values in to  the relevant equations we 
obtain an approximation fo r  the benzene p o ten t ia l.  The long range 
terms include dispersion, permanent quadrupole and induction in te ractions and 
when they were p lo tted as a function of molecular separation fo r  various 
re la t ive  o r ien ta tions o f two benzene molecules i t  was found tha t in a l l  cases 
the tensor terms were s ig n i f ic a n t ly  more pos it ive  than the corresponding values 
for the Williams potentia l in the range 3-8 8. Since adding any repulsion terms 
to th is  potentia l can only make the potentia l more p o s it ive ,  we concluded that a 
simple combination of short range repulsive in te ractions with the tensor 
potential was not s u f f ic ie n t ly  accurate at distances less than 10 8. Among
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the experimental parameters used in this potential, the quadrupole moment is 
subject to the greatest uncertainty but despite the magnitude of the uncert­
ainty i t  was not large enough to account for the discrepancy noted above.
Schweig (1969) has made an approximate calculation of the effects of 
truncating the multi pole expansions of the interaction potential between two 
benzene molecules. These calculations were made by noting the variation of 
multipole potentials over the region of the molecules. He estimated that 
for some relative orientations truncation errors of the order of 10% may be 
expected at a relative separation of 8 8, a distance that is near that at 
which disagreement between the William potential and the tensor interaction 
become significant.
Almost nothing is known about the higher order moments and polariz­
abil i t ies  of the benzene molecule. The symmetry of the molecule is such that 
the octopole moment vanishes, (Buckingham, 1970) so we would require inform­
ation about the hexadecapole and higher moments. Consequently, we developed 
a compromise between the atom-atom and the multi pole moment approaches. The 
molecular quadrupole and polarizabi1ity tensors were divided into six parts, 
each preserving the symmetry of the original tensors. These were placed at 
the vertices of a regular hexagon of radius B. In what follows we shall refer 
to these vertices as interaction sites and the polarizabi1ity and quadrupole 
tensors associated with the sites as sub-tensors. The radius of the inter­
action sites about the centre of the benzene molecule was treated as an adjust­
able parameter since each site  represents a C-H group and no theoretical 
or experimental estimate is available for the position of the "interaction 
centroid" of such a group. The exponential repulsion was also divided into 
six terms one associated with each of the interaction sites.
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The benzene p a i r  po ten t ia l  used was»therefore
w (_r! , r 2 , a 1 , a 2 ; e ,a , B)
6 6
= I  I  e exp ( - r  . / a )  
i =1 j = l  1J
I 0 ( 2 ) : t ( 4 )  : 0 ( 2 )  
9 Si i i j  Sj
AE
8
+ _1
18
j ( 3 )  . „ ( 2 )  . ( 3 )
=ji Si =ij
Using th i s  po ten t ia l  we found i t  r e l a t i v e l y  easy to f ind  sensible values o f  B, 
a and e tha t  gave good agreement w ith  the Wil l iams p o te n t ia l .
The main ob ject ions to  the use o f  atom-atom approaches are two- fo ld .  
F i r s t l y  we must ask whether the p a r t i c u la r  subdiv is ion in to  in te ra c t io n  
centres is sensible. Should we include bond centred in te ra c t io n  s i tes  which d i s ­
t in g u ish  between the various types o f  chemical bonds? In recent work 
Wi11iams(1957) has compared atom-atom po ten t ia ls  derived from f i t t i n g  po ten t ia l  
parameters to the propert ies o f  a l i p h a t i c  hydrocarbons with  those f i t t e d  fo r  
aromatics. He found no s i g n i f i c a n t  d i f fe rences between the two sets of 
po ten t ia l  parameters, implying tha t  to w i th in  the level o f  accuracy o f  his 
po ten t ia ls  and t h e i r  p re d ic t io n s ,  the d i f fe rences in the nature o f  chemical 
bonds w i th in  a molecule have l i t t l e  e f fe c t  upon the in te rmo lecu la r  p o te n t ia l .  
These bond s i tes  make some con t r ibu t ion  but we bel ieve tha t  the success o f  
atom-atom po ten t ia ls  in the s o l id  s ta te  studies impl ies tha t  errors  so
incurred are smal1.
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The second objection to the use of the "atom-atom" 
approach is that i t  assumes that the si te contributions to the inter- 
molecular potential are pair-wise additive. The interaction of two sites 
within two dist inct molecules is assumed to be independent of the proximity of 
other interaction sites.  This is obviously incorrect. Just as there are 
significant many body i n t e r m o i e c u i a r  forces when molecules are treated as 
single interaction s i tes ,  there are many-site i n t r a m o l e c u l a r  contributions to 
intermolecular potentials. Of course i f  we are interested in an m-site 
potential the m interaction sites will make no contribution to the i n t e r i m l e c u i a r  
force i f  they all l ie within one molecule. Depending upon whether the m sites 
are distributed between 2, 3 . . .  or m molecules their  interactions will modify 
the 2,3 . . .  or m body i n t e r m o i e c u i a r  potenti a l .
These many-site interactions may be expected to be relatively more 
important than the usual many body forces encountered when the "atom-atom" 
approach is not being used. Since some of the sites are fixed within one 
molecule their separations are relatively small and their contribution to the 
intermoiecuiar force is therefore large. This is manifest in the observation 
that at long range the 3-site contribution to the 2-molecule potential has the 
same variation with respect to the separation of the two molecules as the
2- si te contribution to the 2-molecule potential. This is of course, very 
different from the long range behaviour the 3-site contributions have upon the
3- molecule potential.
Consider two "atom-atom" potentials each with the same sub-tensors 
associated with the interaction si tes.  One potential is formed in a s i te ,  
pair-wise fashion (no m-site contributions i f  m > 2) and the other by including 
all many-site contributions to the pair molecular potential. In general the 
two potentials will have very different characteristics for all distance ranges.
On the other hand, i f  the two potentials have different sets of sub-tensors, 
each set in agreement with the experimental measurement of the molecular quadru- 
pole or polarizability tensors, depending upon whether many si te interactions
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with the external measurement f ie lds  are allowed or not , then the intermol- 
ecular potentia ls  so generated w i l l  be in exact agreement in the l i m i t  o f  
large intermolecular separations. Thus i t  can be seen that our apparently 
simple procedure o f  d iv id ing the molecular quadrupole and p o la r i z a b i l i t y  in to 
s ix  equal sub-tensors and neglecting many-site contr ibutions to the in te r -  
molecular force has the pleasing property o f  predict ing the correct long 
range l im i t .  The pa r t icu la r  values chosen fo r  the sub-tensors compensate 
exactly at long range fo r  the excluded many-site contr ibutions. In the short 
range l i m i t  i t  is an e f fec t ive  extrapolat ion procedure essent ia l ly  providing 
estimates fo r  the higher order multi  pole moments not e x p l i c i t l y  included 
in the formalism. The t rans fe rab i1i t y  of the Will iams potentia ls  among 
hydrocarbons of d i f fe re n t  geometries, implies that to wi th in the level of 
accuracy of  molecular potential  functions known at the present t ime, many-site 
components to the intermolecular pa i r  potential  can be e f fe c t iv e ly  included 
w i th in  the p a i r - s i te  formalism. The short range repulsive potential  act ing 
between benzene molecules was modelled in a consistent fashion by al lowing 
each of  the in teract ion s ites to in te rac t  at short range, through pa ir  wise 
addi t ive exponential repulsion terms. Three molecule, non-additive forces 
were handled in exactly the same way and so were computed by summing over a l l  
216 s i t e - s i t e - s i t e  contr ibutions among three molecules where no two s ites 
belonged to the same molecule.
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§4.3 Parameter estimation using second virial coefficient data
The integration procedure for computing the second virial coeffic­
ient of benzene was essentially that used for steam in the previous chapter, 
the only changes arising from the different symmetry of the benzene molecule.
The integral evaluated was
TT TT T i /  3
^^-p - = - — f sin 0 d0 ( dd) j dip N 2 J 12 u 12 j *12 j *12
77 0 0 0 
R R / 3 . x12
( d Z 12 [ d X 12 { ^ 1 2  f 12 (4-2)
0 0 0
where the potential truncation limit, R, was set at 50 8. About 150,000 
function evaluations were used to calculate the integral, resulting in an 
estimated integration error of less than .5%.
The benzene pair potential has three adjustable parameters, the 
ring radius B and two exponential repulsion parameters, o and e. It was found 
that for any value of B between about 1.3 Ä and 2.4 Ä values of o and e could 
be found that predicted virial coefficients agreeing with experimental values 
within experimental error. The range of B values corresponds to the distance of 
the carbon and hydrogen atoms, respectively, from the centre of the benzene 
molecule. Second virial coefficients calculated using a typical potential 
function are compared with the predictions of the Williams potential 
and with experimental data in figure 4.1. It can be seen that the agree­
ment between our potential and experiment is excellent. This good agreement 
with experiment is found for a continuous family of the tensor potentials, 
each belonging to the region in ( B, a , e)  space shown in figure 4.2. That 
is ,  all potentials belonging to this region should predict second virial 
coefficients that are consistent with experimental results. This agreement
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demonstrates the fac t tha t second v i r ia l  co e ff ic ie n t data alone is not 
s u f f ic ie n t  to determine a unique potentia l function (Hanley and Klein 
1972). We must examine other experimental data to determine which member 
o f the in f i n i t e  fam ily is the most accurate benzene pa ir po ten t ia l.
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§4.4 Crystal Structure and Lattice Energy
As is well known, at su ff ic ien tly  low temperatures and pressures 
the internal energy and free energy of a substance have the same value. 
Consequently, i f  we ignore the effects of zero point motion (K it te l ,  1966) 
the stable la tt ice  structure of a crystal under those conditions w ill be that 
structure which minimizes the potential energy of the crystal with respect 
to all possible displacements and orientations of i ts  constituent molecules.
This provides a theoretical method for predicting the crystal structure of a 
molecular crystal at low temperatures and pressures from a given interaction 
potential. In practice, the global minimization that is required to predict 
the most stable structure poses a very complex numerical problem and i t  is 
usual to seek only a constrained minimum on the potential energy surface.
In this work, we w il l  find the global minimum of the potential energy 
subject to the constraints that the minimum found should preserve the experi­
mentally observed space-group and that i t  should deviate from the observed 
la tt ice  parameters by less than a factor of 50%. That is ,  i f  results for a 
given potential deviated from the experimental values by more than 50%, that 
potential was discarded without further investigation. The constrained 
minimization was carried out using a highly e ff ic ien t and reliable minimiza­
tion algorithm called PRAXIS (Brent, 1973).
By finding the minimum in the potential energy we derive the 
crystal structure and the sublimation energy predicted by the model potential. 
These predictions can then be used to choose between members of the 
family of pair potentials described in the previous section. Other properties 
could have been used for this purpose but s ta tic  la tt ice  calculations offer 
several advantages. In particu lar, they reduce the computational complexity 
required for the f i t t in g  process, and also emphasize regions of the interaction 
potential that are not stressed in v ir ia l coefficient calculations. The
7 6 .
v in a l coefficient computations emphasise the long range region of the in te r­
action potential while s ta tic  la tt ice  calculations concentrate on the short 
range behaviour of the potentials, particu larly near the minimum. In the 
rest of this section we evaluate the available experimental data on the 
structure and sublimation energy of the benzene crystal and in the follow­
ing section summarise the results of the f i t t in g  procedure.
I t  has been established that although the benzene crystal has 
several high pressure forms (Weir et a l . 1969), at low temperatures and 
pressures i t  is orthohombic, belonging to the space group Pbca (D^) (Cox, 
Cruickshank and Smith, 1958). The unit cell is pseudo face-centred cubic, 
containing four molecules. The crystal structure is therefore completely 
specified by six la tt ice  parameters, namely the lengths of the sides of the 
orthogonal unit cell axes (a,b,c) and three Euler angles (Appendix I) (e,cf),^) 
giving the orientation of the molecule at the origin of the unit cell with 
respect to these axes. Cox, Cruickshank and Smith (1958) discuss the method 
by which the orientations of the three other molecules in the unit cell are 
obtained from the orientation of the molecule at the origin of the unit cell 
coordinate frame.
Measurements of the la tt ice  parameters of the benzene crystal 
have been reported by several groups and are summarised in Table 4.4 
The measurements were carried out over a range of temperatures from 78 K up to 
270 K and the accuracy is not always adequate. To obtain the la tt ice  para­
meters at OK i t  has been necessary to extrapolate the data to 
this temperature. Results of th is extrapolation are also given in Table 4.4 
I f  the data is plotted as a function of temperature,it is found that the data 
of Kohzin (1954) at 78 K does not l ie  on any reasonable extrapolation 
of the other data, and this data is not included in the estimated OK results. 
However, the data at 253 K reported by Kohzin and Kitagorodskii (1955) is in
7 7 .
TABLE 4.4
Experimental l a t t i c e parameters f o r  the benzene crys ta l
T (Ke lv in) 270 253 218 138 78
*
0
Cell volume (X3) 507 500 491 474 465 443
a (Ä) 7.46 7.43 7.44 7.39 7.29 7.3 ± .2
b (H) 9.67 9.63 9.55 9.42 9.47 9.2 ± .3
c (h 7.03 6.99 6.92 6.81 6.74 6.6 ± .1
e radians 0.839 0.818 0.80
<j> radians 0.305 0.361 0.42
ip radians 1.536 1.524 1.51
* resu l ts  f o r  OK where extrapolated from the higher temperature values.
(Je f f re ys ,  Euler angles)
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excel lent agreement with the other experimental data. Consequently the 
p o s s ib i l i t y  of  non-l inear temperature dependence of the la t t i c e  parameters 
cannot be completely ruled out. As was observed by Bacon, Curry and Wilson 
(1964) the un i t  cel l  volumes predicted at 78 K by extrapolat ing th e i r  data 
is almost identica l  with that obtained from Kohzin's resul ts .
Relat ively accurate data on the subl imation energy of the benzene 
crystal at OK is avai lable.  Ol iver et a l . (1968) used such data to obtain 
a value of 49.52 kJ mole"1 fo r  the heat o f  subl imation, and i t  is commonly 
accepted that th is  more re l iab le  than the value of 46.0 kJ mole 1 obtained 
using vapour pressure measurements (Milazzo, 1956). Nakamura and Miyazawa 
(1969) have calculated a value of -2.78 kJ mole"1 fo r  the zero point  energy of 
the benzene crys ta l .  Thus the most re l iab le  value fo r  the s ta t ic  l a t t i c e  
energy of the benzene crystal is -52.30 kJ mole 1.
7 9 .
§4.5 Calculated Crystal Properties
Two problems were considered when calculating the ground state 
energy of the benzene crystal. F irs t, the sizes of the contributions to the 
s ta tic  la tt ic e  energy from the various long-range interactions were calculated 
using the experimental zero degree structure. The la tt ic e  sums were extended 
until convergence was established generally at about 2oS. Secondly, s ta tic  
la ttic e  energy and la tt ic e  parameters were predicted for a number of d if fe r ­
ent potential models by minimising the s ta tic  la tt ic e  energy as a function 
of the six la tt ic e  parameters under the assumption that the crystal space 
grouping was invariant. Results fo r the various contributions to the s ta tic  
la ttic e  energy areg-jvenin Table 4.5 and the predicted la ttic e  parameters 
and unit cell volumes are given in Table 4.6.
The f i r s t  two lines in Table 4.5 give contributions to the s ta tic  
la ttic e  energy using the experimental values of the la tt ic e  parameters. In 
the f i r s t  line where the parameter B, representing the ring diameter in our 
model, is set to zero, results for long-range contributions are given under 
the assumption that the polarisab i1ity  and permanent e lectrosta tic moments 
are point properties localised at the centre of the benzene ring. I t  can 
be seen that using this assumption the most important long-range interaction 
is the two-body dispersion in teraction. Next is the permanent quadrupole- 
quadrupole term. The two and three body induction terms, together with the 
three-body tr ip le  induced dipole term, are small. I t  is worth noting that a ll 
the two-body terms are negative and that both three-body terms are positive.
The to ta l contribution to the s ta tic  la ttic e  energy from the long range terms 
is -25.19 kJ/mole compared with the experimental value of -52.3 kJ/mole and so 
i t  is apparent that there must be other a ttractive interactions of short range 
that are eaually important. This result is examined in the second line of 
Table 4.5, where results are given for a member of the three-parameter 
semi-empirical potential described earlier,again using the experimental 
la tt ic e  parameters. Here, the long-range terms are uniformly distributed
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about the ring, at a distance of 1.756 8 from the centre. The other 
potential parameters,o and £,are shown in Table 4.7. When the polaris- 
a b il ity  and quadrupole interactions are distributed in this way they con­
tribu te  -55.85 kJ mole 1 to the s ta tic  la tt ic e  energy. A contribution of 
12.21 kJ mole 1 from the exponential repulsion terms gives a to ta l la tt ic e  
energy of -43.64, in reasonable agreement with experiment. I t  can be seen 
from the results in Table 4.5 that once the interactions are distributed 
about the ring, they a ll increase in absolute magnitude. The three-body 
induction term is now negative and the three-body dispersion term is more 
positive than before. Probably the most important observation is that the 
tota l contribution from three-body terms remains small. I t  is interesting 
to note that to within the level of approximation given here ( i.e . including 
only the two leading three-body terms in the perturbation expansion of the 
interaction potential) three body effects are no more important in benzene 
than they are in the inert gases (Fisher and Watts, 1972 and Barker et a l . ,
1974).
The remaining results in Table 4.5 give the values of various 
contributions to the s ta tic  la tt ic e  energy calculated at the most stable 
structures for the semi-empirical pair-potential considered here. In line  3 
results are given for the most stable structure in the absence of three-body 
interactions. Lines 4 and 5 give results at the most stable structure when 
three-body terms are included in the la ttic e  energy minimisation. The 
corresponding la tt ic e  parameters are given in Table 4.6 and w ill be 
discussed shortly. From the results in Table 4.5 i t  can be seen that the 
size of the two-body dispersion energy is extremely sensitive to the 
crystal structure, pa rticu la rly  when distributed around the benzene ring.
Even when localised at the centre (B = 0) this term is very sensitive to 
the re la tive orientation of the two interacting molecules. I t  is important 
to note that the effect of th is two-body term is to d is to rt the crystal structure 
The nett effect of the three-body terms and of the repulsive interactions is 
to counteract th is d is to rtion , primarly by expanding the la ttic e .
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I t  is easier to consider this distortion after examining the 
results for the lat t ice parameters and cell volume given in Table 4.6 
This table gives results for two values of B, results with and without three- 
body terms and results for the Williams potential (1966). I t  is important to 
note that when Williams was f i t t ing his potential parameters he computed the 
stat ic la t t ice energy by truncating the atom-atom potentials at relatively 
small distances (all less than 6.5 8), and as a consequence he included only 
about 80% of the full la t t ice sum. The results given in Table 4.6 include 
full lat t ice sums, and so differ from those reported by Williams. It  is 
apparent from Table 4.6 that all the potentials give lat t ice parameters
that differ somewhat from the experimental values reported in Table 4.4
Although the inclusion of three-body terms in our calculations markedly 
improves the lat t ice energy agreement, these terms have a relatively small 
influence on the structure. We can also see from Table 4.6 that all the 
potentials that we have examined (including the Williams potential) predict 
too large a value for the second lat t ice parameter ("b") in relation to the 
other two linear lat t ice parameters. This is true regardless of whether the 
unit cell volume is larger or smaller than experiment.
Another common feature of the disagreement with experiment is that the Euler 
angle <j> is always within a few hundredths of a radian of zero instead of 
about .42 radians, the experimental value.
Table 4.6 gives results for two values of the ring diameter, B.
It  can be seen that both sets of results are similar, the larger value of B 
increasing the cell volume slightly.  From the results of several calculations 
with different ring diameters i t  was found that there is a range of values 
of B over which the lat t ice parameters al ter  slowly. Outside this region 
the predicted crystal structure is very sensitive to the parameter B and the 
calculated properties deviate very rapidly from the experimental values.
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Although we investigated the properties of our model very careful ly  in the 
useful range of B, we were unable to improve the agreement with experiment 
displayed in Tables 4.5 and 4.6. We were forced to conclude that addition­
al f l e x i b i l i t y  must be bu i l t  into any semi-empirical model before improved 
agreement with experiment wi l l  be obtained.
§4.6 Variat ions in the model potential
In an attempt to improve the agreement between the computed 
results and experiment a number of a l te rnatives were examined. I n i t i a l l y ,  
the p o s s ib i l i t y  of the experimental values of molecular propert ies such 
as the ion isation po ten t ia l ,  p o la r i s a b i l i t y  and quadrupole moments being 
incorrect was considered. There is in s u f f i c ie n t  information avai lable 
in the l i t e ra tu r e  to make a detai led study o f  errors due to uncerta int ies 
in these molecular propert ies.
In an attempt to get some information on the effects  of a l te r ing  
these quanti t ies,we rescaled our model so as to improve the agreement with 
the experimental cel l  volume while at the same time re ta in ing agreement with 
experimental second v i r i a l  coe f f ic ien ts .  I f  we rescale a l l  distance 
parameters by a fac tor  o f  1.091 and every energy parameter by 0.893 we 
obtain a model that gives a bet ter  cel l  volume, good l a t t i c e  parameters and 
that f i t s  the second v i r i a l  coe f f ic ie n t  data with an accuracy that is better 
than 2%. Data fo r  l a t t i c e  properties predicted by th is  model are given in 
Table 4.6 and Table 4.7 gives the potential  parameters ( including molecular 
propert ies) fo r  the o r ig ina l  model and fo r  the rescaled model.
The var ia t ion  o f  potential  energy o f  two benzene molecules as a 
function of distance fo r  several re la t ive  configurat ions is shown fo r  the 
rescaled model in Figure 4.3. In curve (a) the in teract ion is given fo r  a 
configurat ion in which one molecule is above the other with the planes of  both 
rings para l le l  - the so-cal led "stacked" configurat ion. Curves (c) and (d) 
represent configurat ions in which the two benzene rings are coplanar. In 
curve (c) the C-H bond on one molecule is directed towards the centre of a 
C-C bond on the other and in curve (d) a C-H bond or one molecule is co- l inear 
with a C-H bond on the second. I t  can be seen that  both these configurations 
are less stable than the "stacked" configurat ion. These two curves are also 
o f  in te res t  in that they show the lack o f  axial symmetry in the benzene
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molecule. Curve (b) represents a configuration in which the planes of the 
two benzene rings are perpendicular. This configuration has a lower in te r ­
action energy than any o f the other configurations and is  the configuration 
found in the benzene c rys ta l.  Obviously our rescaled model is pred icting 
that th is  configuration is re la t iv e ly  stable fo r  the benzene dimer also.
I t  is l i k e ly  tha t the repulsive shape o f the model, used in th is  
work is overs im p lif ied . In p a r t ic u la r ,  each repulsive in te rac tion  was 
spherica lly  symmetric whereas the C-H groups in benzene are more l ik e  an 
axi-symmetric dumb-bell. In an attempt to investigate  errors a r is ing  from
S-
th is  shape dependence two possible modifications were considered.
The f i r s t  modification was to separate the repulsive centres from 
the long-range in te ra c t io n s , so that the former were at a distance Bx from 
the centre o f the molecule and the la t t e r  were at a distance B . Such a 
scheme allows the p o s s ib i l i ty  o f considering the repulsive in te ractions as 
representing hydrogen atoms and the long-range e ffects  as ensuing from the 
delocalised electrons on the benzene ring. This modification improved the 
agreement with experiment s l ig h t ly ,  but was not considered very successful.
Although i t  was possible to obtain more substantial agreement fo r  some 
properties, i t  was always at the expense of other model predictions. To obtain 
the best predictions o f crysta l s truc tu re , the repulsive in te ractions would 
become very so ft  and fo r  some re la t ive  or ien ta tions the pa ir potentia l would be 
a t t ra c t iv e  fo r  a l l  separations. Consequently, the approach was not pursued.
The other modification introduced was to make the repulsive in te r ­
actions an isotrop ic. This was done by using the Gaussian overlap repulsion 
potentia l proposed by Pechukas and Berne (1972) and discussed by Evans and 
Watts (1975a). The potentia l introduced by Pechukas and Berne takes the form
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(4.3)
where e and a depend upon vectors in the direction of the symmetry axes of 
the two interacting ellipsoids of revolution. This model depends upon 
three parameters, a well-depth parameter and two parameters o,, and 
determining the anisotropy of the interaction. Thus i f  this repulsive model 
is used, and the repulsive and long-range terms are computed from the same 
interaction sites only one more parameter is introduced. I t  was found 
that i f  the exponential repulsion was replaced by an asymmetric exponential 
repulsion based on a modification of eqn. ( 4.3)
agreement with experiment was improved. However, this modification was not 
sufficient to produce quantitative agreement with experiment, and so has not 
been pursued. All modifications of the tensor potential we have mentioned 
so far induced rather small improvements in the predictions of the model.
None significantly altered the common failings of all potentials discussed 
above, namely the prediction of too large a value for b and the prediction 
that <j) is zero. One explanation of this problem is that there is something 
wrong with the underlying assumptions of the models. Possibly benzene mole­
cules cannot be treated as rigid entities or perhaps the assumption of si te-  
si te additivity of the potentials is inaccurate. We will describe several 
modifications of the potential that refute these arguments.
Of all the physical properties built into our tensor potentials, 
the quadrupole moment is subject to the greatest experimental error. We took 
our value from the work of Benson and Flygare (1971) which gives an estimated
( 4.4)
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experimental error of ±50%. On the basis of heuristic arguments i t  
seemed likely that increasing the quadrupole moment should improve agree­
ment with the experimental crystal structure.
TABLE 4.8
Quadrupole moment variations 
B = 1.756 X .  Qq is Flygares quadrupole moment
Q2 3 6 e x l 0 9 ö a b c e 6 rlf
1.5 * Q2 wo .572 .275 6.23 9.23 5.90 .826 0.0 1.571
1.75 * Q2 0 .286 .4 6.998 7.03 7.07 .9609 .783 1.34
2.0 * Q2^ n - - 7.02 6.99 7.03 .958 .789 1.33
Table 4.8 gives la t t ice parameters for a number of potentials 
with increasing values of the quadrupole moment,all of which f i t  the experi­
mental virial data. I t  can be seen that as the value of the quadrupole 
moment is increased the ratio of b to a and c changes markedly and that sim­
ultaneously <f> increases from zero. One might expect that i f  we took a 
value of the quadrupole moment between /L.5 and /1.75 times the value of 
Flygare that the la t t ice parameters would be in excellent agreement with 
experiment. I t  is unlikely that this is so. For any value of the quadru­
pole moment near Qq there are two minima in the potential energy surface.
As the quadrupole moment is increased the positions of the two minima do 
not move significantly but their  relative energies do undergo moderate 
changes. Near Qq, the global minimum is a structure with b larger than both 
a and c, and with 6 ^  0. For Q2 in the range, 1.5 * Qq < Q <1 . 75x  Qq 
the structure with a, b and c approximately equal, and <j> f  0, suddenly 
becomes the most stable one. I t  does not seem possible to find an inter­
mediate value of Q where the structure is close to experiment because the 
change is a discontinuous one. Although we did not succeed in improving the
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agreement between predicted and experimental values of the l a t t i c e  para­
meters by varying the quadrupole moment, we did find a potential which 
differed from the previously established pattern of disagreement with 
experiment. Furthermore, i t  is l ike ly  that  small, simultaneous, variations 
in other potential parameters could smooth the discontinuous change of 
s t ruc ture  with quadrupole moment, leading to a considerable improvement 
of predicted l a t t i c e  parameters with experiment. Unfortunately the process 
of a l ter ing the potential  in th is  fashion while maintaining agreement with 
experimental v i r ia l  coeff icients  is very time consuming and i t  has not been 
possible to pursue i t  further.
I t  is apparent from the resul ts  reported so far  tha t  reason­
able agreement with experimental gas and solid properties of benzene can 
be obtained using simple exponential repulsions together with known long- 
range terms provided these second terms are dispersed around the benzene 
ring. Although such an approach is r e a l i s t i c ,  i t  suffers from the d i s ­
advantage of computational complexity. For very extensive ca lcula t ions,  
such as computer simulations of the l iquid s t a t e ,  i t  is advisable to use a 
more simple form, and make any adjustments towards realism using perturbation 
theory. One possible reference system is a model composed of six Lennard- 
Jones (12,6) in teract ions on each molecule at a distance B from the centre 
of the ring. Such a potential  has the form
V(R) ! a ) 6'
(4.5)
and has three unknown parameters, e,  a and B. By se t t ing  B = 1.756 A, 
the optimal value found for the more r e a l i s t i c  model, the problem of 
determining the remaining parameters can be reduced. Taking e/k = 77 K
9 2 .
and a = 3.5 H gives a model that predicts second virial coefficients that 
are in excellent agreement with experiment. This potential was used as 
a starting point in a least squares f i t  of potential parameters to the 
second virial coefficient and la tt ice  parameters, but no significant 
reduction of the sum of squares was found. The la tt ice parameters pre­
dicted by this model are also given in Table 4.6. In future chapters 
we will make use of this poly-centred Lennard-Jones potential many times.
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CHAPTER 5
Liquid  Benzene
§5-1 I n t r o d u c t i o n
§5.2 The Monte Car lo method
§5.3 The Monte Car lo S i mul a t i on  o f  l i q u i d  benzene 
§5.4 Conclusion
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§5.1 Introduction
The success of calculations of the second virial coefficient and 
of the s ta t ic  la t t ice  properties for the benzene crystal encouraged the 
study of benzene in a phase of intermediate density. We decided to invest­
igate the equilibrium structure of liquid benzene. The most efficient 
method for this calculation is the Monte Carlo technique (Fisher, 1972). Even 
using this method, constraints on computer time prevented the use of any of 
the tensor potentials developed in chapter 4. Nevertheless, some preliminary 
calculations of the structural properties of liquid benzene were made using 
the poly-centred Lennard-Jones pair potential of chapter 4. In the future, i t  
may be possible to present a more complete study introducing the more exact 
pair potential using perturbation theory (Zwanzig, 1954) with the six-centred 
Lennard-Jones potential as a reference system. Preliminary zero order per­
turbation theory calculations have suggested that such an approach would be 
vastly more efficient than attempting a direct Monte Carlo calculation using 
the full tensor potential from the outset.
From the point of view of comparison with experimental results the 
full calculation at this time would, perhaps, be premature. Neutron scatter­
ing measurements of the structure of liquid benzene are complicated by the 
large incoherent scattering amplitude of the hydrogen nucleus (Powles et a l . 
1972). X-ray scattering results, while they do not suffer from this problem, 
s t i l l  suffer from the independent atom approximation (Morrison and Pings, 
1972). This implies that any attempt to obtain accurate agreement between 
theoretical calculations and experimental measurements of the liquid benzene 
structure should include a thorough analysis of scattering phenomena in 
molecular liquids.
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§5.2 The Monte Carlo method
In chapter 3 we described a number of numerical methods fo r  the 
calcu la t ion of mult ip le  in tegra ls .  This chapter concerns i t s e l f  with the 
ca lcu la t ion of in tegra ls  in perhaps 600 dimensions. As we remarked in 
chapter 3 , the only feas ib le method presently avai lable fo r  such a ca lcu la t ­
ion is the Monte Carlo method (Hammersley and Handscomb, 1964).
Consider the in tegra l
rb
I = j f (x)dx (5.1)
a
I f  a function g(x) is pos i t ive and integrable everywhere in [ a , b ]  i t  can 
be regarded as a p roba b i l i t y  density funct ion ,  and we can evaluate I in 
the fol lowing manner
I f ( x ) /g ( x ) g(x)dx
ft)
= < f (x ) /g (x )>  g(x)dx (5.2)
9 a
where <h(x )>  ^ denotes the average of  h(x) with respect to the d is t r ib u t io n
function g. To use the Monte Carlo procedure to evaluate I we need to
fbestimate <_f /g>g and to know j g(x)dx. The function g(x) is chosen so that 
i t s  integra l  over [ a , b ]  is known accurately (e i the r  numerical ly or analy t ­
i c a l l y )  and so that i t  reduces the variance of the estimation of /g>g 
(Chorin, 1971). I f ,  fo r  instance, f ( x )  i s very sharply peaked in some small 
neighbourhood [a,b ] ,and makes neg l ig ib le  contr ibutions to the in tegra l out­
side that neighbourhood ,g(x) should be chosen so that  there is a large 
p robab i l i ty  tha t  the function w i l l  be sampled in that  neighbourhood. In 
s ta t i s t i c a l  mechanics we are interested in the evaluation of averages, F,of 
an N-part ic le  function
96 .
*  *
★
where _r• represents the set of generalized coordinates specifying the 
state of molecule i. The average to be evaluated often takes the form
^  " <F>exp -ßW(jT,...r*) (5.3)
In such a situation knowledge of the normalization integral
j exp -3W(r*, ---- r^) drN
is unnecessary.
Metropolis et a l . (1953) devised a set of rules for the generation of 
a series (a Markov chain) of N-particle configurations where in the limit 
as the number of configurations tends to infinity the distribution of config­
urations tends towards the distribution required for the evaluation of (5.3), 
the Boltzmann distribution.
The rules are:
•jif •jAf
(1) Calculate (^  , . . . r ^ )  for the present configuration p.
(2) Move a randomly chosen molecule i , a randomly chosen amount 
in a randomly chosen coordinate.
(3) Calculate Wn for this new configuration. If Wn < Wp the 
new configuration will be the new member of the chain.
If Wn > Wp the new configuration will be the next one 
in the chain i f  e" ^ n “^p)/kT > r ,  where r is a random 
number uniformly distributed in [0,1] . Otherwise the 
new member of the chain is the same as the old one.
The estimatedvalue of the thermodynamic property,F, is given by its  
average value over the configurations in the chain generated using rules 
1 to 3. In practice, the integration converges most rapidly i f  on average 
about half of the possible new configurations are accepted into the chain.
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In our calculation of the structure of liquid benzene 108 molecules 
were placed on the sites of the benzene crystal la t t ice at positions that 
corresponded to the solid at 138 K. The la t t ice  was then rescaled to give 
the experimental number density of liquid benzene at the temperature studied. 
Standard periodic boundary conditions (Alder and Wainwriqht, 1957) were 
applied to minimize edge effects.
The coordinates used to specify molecular positions and orient­
ation were the ones introduced by Barker and Watts (1969) in their  Monte 
Carlo simulation of water, and were the cartesian components of position 
with respect to a laboratory coordinate frame and the angles of rotation 
of each molecule about the three laboratory axes. The Markov chain was 
generated using a modified version of rules 1-3:
1') Choose a value for the translational and rotational selection 
ranges, A and ft respectively.
2‘) Select a molecule i ,  at random and after selecting 3 random
numbers, 6 , and 6 from a uniform distribution on [ - a ,a ] x y z
form a new position for molecule i by adding the vector
i_ 6 + is  + Jos to i ts  position vector, x y z
2") Select a laboratory axis at random (x,y or z axis). Rotate
molecule i an amount 60 about that axis, where 6. is a random 
number from a uniform distribution [ -ft,ft ] .
3') Same as (3) in Metropolis rules
4') After repeating 2 ' ,  2“ and 3' a number of times, repeat 1' so 
that roughly the same number of rejections occur as a result 
of angle changes as from position changes and so that about 
half of the new configurations are rejected in (3).
Rule 4' does not need to be followed exactly, since i t  only effects 
the rate of convergence of the process, not the result. In any case, i t  is 
not known whether i t  in fact gives the optimum rate of convergence for the 
process. The rule has been established by the experience of many workers in
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the field. The axis rotations are considerably simpler than the general 
Euler angle rotations described in Appendix I. This is because the modi­
fied Metropolis rules (11-3') never involve individual three dimensional 
rotations. The rotations to be made under rule 2" are planar ones about 
a single axis.
§5.3 The Monte Carlo simulation of liquid benzene
To begin with, the simulation was run at 1000 K for 100,000 con­
figurations to melt the crystal. The temperature was then reset to the 
required value and a further 50,000 moves made, and these results discarded 
to ensure that the simulation approached the asymptotic form of the Markov 
chain (i .e . the equilibrium distribution of the molecules, the Maxwell- 
Boltzmann distribution). A run of about 250,000 moves was then made, with
t hevery 500 n configuration being stored on magnetic tape for later processing.
Figure (5.1) compares a distribution function obtained from the 
model liquid at two temperatures with a related histogram»obtained from the 
low temperature solid. The distribution functions shown, gc_c(r;T), 
measure the probability per unit volume of finding two benzene molecule 
centres a given distance apart. If r.. is the position of the centre of 
mass of molecule i ,  and p is the number density of the liquid, the radial 
distribution function 9c_c(r) is given by
9c-c(r) < i f j
sdlj-r-jt-r)
4 T T p r ‘
(5.4)
Tbe centre-centre distribution function has been calculated for two sets of 
conditions: T = 298 K and p = 0.00662 8 , and T = 328 K and p = 0.00633 8.
In real benzene these conditions correspond to a liquid under one atmosphere 
pressure. Since the six-centred Lennard-Jones potential we have used predicts 
a s ta tic  la t t ice  density of 0.0078 molecules/A3 when the experimental value 
is approximately 0.009 molecules/83, the conditions used for the fluid 
probably correspond to high pressures in the model liquid.
The histogram shown in figure (5.1) gives the relative numbers of 
benzene molecules occurring within spherical shells centred on any given 
molecule in the experimentally observed 138 K crystal la t t ice ,  rescaled to
,3
give a number density of 0.00662 molecules/8 .
UIU.
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Many of the qualitative features of the radial distribution 
functions for the liquid can be interpreted in terms of the idea that the 
liquid is some kind of "smeared out" version of the rescaled solid (Narten,
1968). We can see immediately that the general shape of the radial dis­
tribution functions is in agreement with the structure suggested by the 
histogram.
The main peaks in the distribution functions for the liquid 
occur at about 6.4 8 ,which coincides with the presence of the second and 
third nearest neighbour shells in the rescaled solid at 6.35 8 and 6.45 8 
respectively. The shoulder in the radial distribution functions at about
5.3 8 corresponds to the presence of the nearest neighbour shell at
5.4 8 in the solid. The position of the second main peak in the centre-centre 
radial distribution functions at about 10.2 8 is also in accord with the 
structure of the solid although we might have expected the minimum in gc_c
at 8.0 8 to have occurred at the larger distance of 9 8. In general , the 
correspondence between the liquid and the rescaled solid is extremely good.
Predictions based upon the idea that the liquid is a "smeared out" 
version of the solid cannot give the finer aspects of the liquid structure.
In particular, the f i r s t  shoulder in gc_c at 4 8 does not correspond to any 
structure in the rescaled solid. We can understand its presence by reference 
to the nature of the poly-centred Lennard-Jones potential. The only way that two 
benzene molecules can be as close as 4 8 apart is for them to be in the 
"stacked" configuration. In this configuration both molecules l ie  along each 
other's axis of symmetry. This configuration is not found experimentally in 
the low temperature and pressure so lid , partly because of steric 
effects from the molecules surrounding such a pair and partly because the 
stacked dimeric configuration is actually less stable than configurations 
where the molecule axes are perpendicular (Janda et a l . 1975). The stacked 
configuration will be most stable when the six nearest Lennard-Jones site  
contacts are minimized, R «  2 ^ 6 a = 3.93 8. This distance corresponds
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very closely to the observed shoulder in the centre-centre radial d istr ibut­
ion function. The occurrence of molecules in a stacked configuration almost 
certainly increases the density of the flu id  so that i t  is possible that 
this shoulder could be less pronounced in low pressure fluids. Comparing 
the centre-centre radial distribution functions at the two temperatures 
we see that the higher temperature curve is considerably smoother than the 
low temperature one, with the height of the main peak reduced by some 20%.
Figure (5.2) gives a number of different radial distribution  
functions for the model liquid at 328 K. The distributions shown include 
the centre-centre radial distribution function g„ . the centre-site dis- 
tribution function gc_s and the s ite -s ite  distribution function 9S_S- 
These functions were determined by averaging 160,000 configurations while 
gc_c in figure (5.1) was obtained from 100,000 configurations. We can see 
that despite the fact that the function gc_c shown in figure (5.2) was 
computed using almost twice as many configurations as that shown in 
figure (5 .1 ) ,  agreement is good.
The s ite -s ite  distribution function, gs_s > shows a rapid rise at 
about 3.5 % corresponding to the diameter a, of the Lennard-Jones 
interactions. At longer distances there is l i t t l e  structure in the 
function. We expect this because for any particular relative orientation 
of a pair of molecules, which occurs with a probability proportional to 
gc- c(r)> there are th irty -s ix  different in ters ite  distances. At distances 
where the orientation distributions have larger variance, any such pair con­
figuration w ill in general make th irty -s ix  different contributions to g$ . 
This almost inevitably smooths out the distribution. The only rapid varia­
tion in the function occurs at about 3.5 $ when g$_s rises to unity. This 
occurs because intersite  separations of less than about 3.5 8 are highly 
improbable. We know that at a molecular separation of about 3.9 ft almost
103 .
g(R)
4 6 8
I
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all molecules are in the stacked configuration. This leads to a large
contribution to g$ because for every pair of molecules in the stacked config­
uration the closest six intersi te distances are identical. The pairs of molecules 
corresponding to the nearest neighbour shell in the rescaled solid at 
r » 5.2 8 will also give six contributions per pair to gs_s at r s_$ %
^(5.2 -1.756)2 + 1.7562 ^ = 3.8 8. We shall call contributions to the 
distribution functions arising from particular sets of molecular orientations 
where many intersi te distances are the same, coherent contributions. This 
explains the general nature of 9S_S- The function must be essentially zero 
for r < 3.5 8 at which point the stacked configurations of molecules give 
i t  a rapid increase. At longer distances i t  must be a fairly smooth curve 
basically because of combinatoric influences on 9S_S* This agreement means 
that using the independent atom approximation ,the carbon-carbon distribution 
functions obtained from scattering data (Narten, 1968) provide only re la t ­
ively modest amounts of information about the highly anisotropic interaction 
potential of benzene.
Figure (5.3) gives considerably more detailed information concern­
ing the correlations in molecular orientations in the liquid. If we treat 
benzene molecules as being axially symmetric about their six-fold rotation 
axis, three scalar products completely determine the relative orientation of 
any pair of molecules. One set of such scalar products is Xj and x^., 
where X -  =  x . / R ^ .  and X - ,  X j  and x ^  were defined in chapter 2 by the 
equations X .  = \u^  • R_^|, x ^  = |u_.j • u^\ . For any pair of moelcules we 
decide which is to be called i and which is to be called j by requiring that
u.i4i.i
R. - 
1J < xj
u•. R. • -J - u
R. .
TJ
(5.5)
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Figure (5.3) shows graphs of A.. , \ y  X y  as a function of distance where
l  xi ( j )  6(Ri r r):
A i ( r )
4 71 pr2 9c_c (r)
(5.6)
and
< I A.. 6(R..-r) >
HI i j  v ij
4 tr P r gc. c(r)
(5.7)
I t  is worth noting that these functions differ by a factor of 1/9C_C from 
the dipole correlation functions that have been used in the study of water 
(Watts, 1974). The functions shown in figure (5.3) only provide informat­
ion about the relative orientations of pairs of molecules. They give no 
information about how many molecules possess a particular relative orient­
ation. If relative orientations are uncorrelated i t  is easy to show that 
for any molecule that possesses a mirror symmetry plane perpendicular to 
the symmetry axis of the molecule
<—i|c\J 
IIs-I-T (5.8)
X^r )  = i (5.9)
Xj (r) = ! (5.10)
As expected the average orientation functions shown in figure (5.3) approach 
their uncorrelated values at large distances. For fluids composed of 
molecules possessing the symmetry elements just described, A—, X.. and x^  
can always be reduced to the range [0,1]. This is because for such molecules 
the scalar products are only defined modulo changes in their sign.
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From figure (5.3) i t  is clear that our conjecture that pairs of 
molecules with a separation of about 4 8 were in the "stacked" configuration, 
was correct. In the neighbourhood of this distance the averages of all 
three scalar products are close to unity, indicating that the three vectors 
u^ -, u_j, R. . are parallel. As the relative separation increases to about 
5.4 8, the molecules tend to reorient, so that their  symmetry axes are 
perpendicular, with one symmetry axis parallel to the separation vector and 
the other symmetry axis perpendicular to i t .  These molecules comprise the 
second shoulder in the g„ „ curve at 5.4 8. This mutual orientation is 
similar to that found in the nearest neighbour shell of the rescaled solid, 
indicating not only that the relative separation of these molecules 
corresponds with the solid, but that the relative orientations do also.
The relative orientations of molecules comprising the main peak of 
gc_c at 6.4 8 cannot be interpreted so easily. This is because the second 
and third nearest neighbour shells in the rescaled solid have very differ­
ent relative orientations. The second nearest neighbour shell molecules 
in the solid have symmetry axes which are nearly parallel while those in 
the third nearest neighbour shell are close to perpendicular. If  these
features of the solid are mirrored in the liquid, the scalar product averages 
o
at r » 6 .4  A would combine these two diverse character!'stics. There is thus 
a lack of orientational coherence in the molecules making up the main peak of 
gyc-c.
We have postponed the discussion of the gc curve shown in 
figure (5.2) until now because i ts  interpretation can be made much more 
easily with the aid of the average orientation plots. The centre-site radial 
distribution function shows a main peak at 5.2 8 with a small shoulder at 
4 8. As we have just  remarked, on the basis of the idea that the liquid is 
related to a "smoothed out solid", we expect that a variety of mutual orient­
ations is found among molecules in the main peak of 9C_C- This diversity 
diminishes the importance of these orientations for the centre-site d is t r ib­
ution function compared with molecules occurring in the two shoulders of gc_c-
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For any two molecules there are twelve contributions to the
centre-site distribution function. If  either of these molecules happens to
have i ts  symmetry axis parallel to the molecular separation vector, their
significance for gc_s is greatly enhanced. Molecules in the second shoulder
of gc_c at 5.4 8 have one molecule in each pair so aligned. This is
indicated by the value of T. (r) at r = 5.4 8 in figure (5.3). By noting the
value of X. for the same value of intermolecular separation, we can calcu- 
3
1 /  e
late that these molecules should make a contribution to g at r % B + 2 ' a 
= 5.5 8 which is near the main peak in gc_s - Because of the coherence
effect we expect that these molecules make a very large contribution to 
gc Pairs of molecules in the stacked configuration, with a separation of 
about 4 8, have all twelve centre-site distances the same and should also 
make a relatively large contribution to gc_s at r Ä (B2 + (2l ^So)2Y2 = 4.3 8. 
This distance corresponds very closely with the position of the f i r s t  
shoulder in the centre-site distribution function.
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§5. 4 Cond usi on
We have demonstrated that the Monte Carlo technique together with 
the relatively simple six-centred Lennard-Jones potential can be used to 
calculate a sensible structure for liquid benzene. Many of i ts  features 
resemble those found in the low temperature and pressure benzene crystal 
although others are peculiar to the liquid. Those structures not present 
in the solid state are easily understood in terms of the nature of the 
benzene pair potential. Consequently we are confident that our model is 
real is t ic .
Lowden and Chandler (1974) have published carbon-carbon and 
centre-centre radial distribution functions for benzene using the RISM 
model (Chandler and Anderson, 1972). This model is much more rudimentary 
than ours. For example, i t  uses the approximate RISM integral equation 
method rather than the Monte Carlo technique to calculate the liquid structure 
from the intermolecular pair potential. Also, their  model potential is quite 
unrealistic, using hard sphere potentials at the carbon positions, with 
a = 3.37 Ä, rather than the more real is t ic  Lennard-Jones interaction sites.  
Consequently, their model is incapable of generating any temperature depend­
ence. Their hard sphere diameters were f it ted to the experimentally observed 
liquid structure factor using the independent atom approximation and 
there is no guarantee that other properties calculated from their  potential 
will be correct. The model of Lowden and Chandler does have the very great 
advantage of computational simplicity. The RISM method calculations of the 
radial distribution functions for the liquid in three minutes on and IBM 
360/75. By way of contrast, our calculation takes of the order of 15 hours 
of computer time on a Uni vac 1108.
Their carbon-carbon distribution function, which should correspond 
to a slightly more peaked version of our gs_$ curve, shows a similar lack of
no.
structure to that observed in our gs_s - The RISM centre-centre distribution 
function shows none of the fine structure found in our curve and i t  has a 
main peak at r = 5.3 8 followed by a miniumum at about 7.2 A. These features 
occur at distances which are about 80% and 90% of our values, respectively.
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CHAPTER 6
Transport  Processes in Weakly A n is o t ro p ic  F lu ids  Composed o f  R ig id  Polyatomic
Molecules
§6.1 In t r o d u c t io n
§6.2 The equat ions o f  conservat ion
§6.3 S t a t i s t i c a l  mechanical expressions f o r  hydrodynamic v a r iab les  
§6.4 Kubo-Green expressions f o r  t r a n s p o r t  c o e f f i c i e n t s
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§6.1 Introduction
In this chapter we will describe a theory of the non-equilibrium 
processes which take place in a system composed of rigid polyatomic molecules. 
The theory makes no assumptions regarding the density of the fluid system 
and i t  applies equally well to dilute gases and to dense liquids. I t  
does assume however that the system is sufficiently close to equilibrium 
that linear relations may be assumed to hold between the various "thermo­
dynamic forces" and their corresponding "thermodynamic currents" or fluxes.
We also assume that the fluid is weakly anisotropic. A fluid is said to be 
isotropic i f ,  for any point within the fluid, the local variation of propert­
ies which influence the transport coefficients are independent of the fluid 
orientation about that point. As we shall see i f  a system is exactly isotropic 
many of the interesting and subtle features of the relevant transport 
processes will be lost. On the other hand, i f  there is a very strong depend­
ence of the fluid properties upon orientation, the formal theory of the 
transport processes becomes exceedingly involved. (Snider and Lewchuk, 1967)
The purpose of this chapter within the context of the thesis is 
two-fold. Firstly, since the thesis seeks to describe the sta t is t ica l  
mechanics of polyatomic systems and the contrasts between these systems and 
the simpler monoatomic ones, this chapter i l lustrates  the importance of 
the fact that in polyatomic fluids the individual particles comprising the 
fluid can take up angular momentum by virtue of rotation about their 
individual centres of mass. In monoatomic fluids the principle of angular 
momentum conservation makes no contribution to our description of the system 
that cannot be derived from the principles of mass, energy and linear 
momentum conservation. For polyatomic fluids the conservation of angular 
momentum is an essential new element of the theory.
Secondly, since in the next chapter we calculate transport 
properties of dilute polyatomic fluids using a theory based upon approximations 
that apply only to dilute systems, this chapter allows us to
113.
see more clearly the implications and lim itations of those approximations.
Transport processes in flu ids that are not far from equilibrium 
can be viewed as the dissipation of the local inhomogeneities that 
characterize the non-equilibrium state. Since these systems are close to 
equilibrium we might expect that elements of the theory of the equilibrium 
state ,thermodynamics , may generalize to those non-eaui1ibriurn systems.
Such generalizations are known and they form part of the theory known as 
"non-equilibrium thermodynamics" (see de Groot and Mazur, 1962 or Prigogine, 
1962 and Hanley 1969 for useful introductions).
The basic idea of the theory is that in non-equilibrium systems 
the decay to a near equilibrium state takes place f i r s t  over re lative ly 
short distances. Thermodynamic variables ( temperature, pressure, etc.) 
which s t r ic t ly  speaking are defined only for systems in equilibrium, take 
on meaning over these short distances. I f  a system is very close to 
equilibrium over small macroscopic distances which never the less contain 
suff ic ient numbers of molecules for thermodynamic variables to be well- 
defined, i t  is said to be in a state of local thermodynamic equilibrium. 
Intensive thermodynamic variables can be generalized to thermodynamic fields 
which give the value of the thermodynamic quantity at a given point within 
the system. Extensive equilibrium thermodynamic variables sim ilarly 
generalize to fie lds which in this case, give the density of the particular 
quantity at a given position. The thermodynamic quantities so defined are 
then assumed to possess the same meaning over these macroscopically small 
regions as they have in equilibrium systems. Non-equilibrium thermodynamics 
can be seen to be a marriage of hydrodynamics and equilibrium thermo­
dynamics. We w il l not explore the basic theory of non-equilibrium 
thermodynamics further at this time.
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This chapter consits of three sections. The f i r s t  is a b r ie f  
outline  of the macroscopic behaviour of f luid  systems composed of r igid  
polyatomic molecules. These systems are assumed to be close to equilibrium 
and to orientat ional  isotropy. Their behaviour is described using the 
language of non-equilibrium thermodynamics. We show that  in these systems 
angular momentum is b u i l t  up from two contr ibutions,  the angular momentum 
possessed by individual molecules by vir tue of rotation about t h e i r  centres 
of mass and the moments of the l inear  momenta of these molecules, taken 
about a given point in the f luid .  Generally speaking these two components 
of angular momentum are not separately conserved, and exchanges take place 
between the two components so tha t  only th e i r  sum is conserved. This 
exchange, between what we shall call internal and external angular momentum, 
can take place only i f  the pressure tensor is non-symmetric.
The question of whether the pressure tensor can be non-symmetric 
has been the subject of some controversy over the years. Dahl er and Scriven 
(1963) pointed out that  the commonly met "proofs" of symmetry that  one finds 
in text  bookes on hydrodynamics (e.g. MiIne-Thomson, 1962) are usually incorrect  
since they often res t  upon invalid assumptions that  imply macroscopically small 
volume elements within a f luid  feel zero torque exerted upon them by the 
surrounding f luid. After these errors were pointed out a number of papers 
appeared in the l i t e ra tu re  concerning themselves with the implications of the 
non-symmetric pressure tensor. In these papers one reads accounts of the 
non-zero antisymmetric part of the pressure tensor in f luids which are 
o r ien ta t ional ly  isotropic  (e.g. de Groot and Mazur, 1962 or Snider and 
Lewchuk, 1967). So far  as we are aware, we were the f i r s t  to prove, using 
s t a t i s t i c a l  mechanical arguments, tha t  the antisymmetric part of the 
pressure tensor is ident ica l ly  zero in o r ien ta t ional ly  isotropic  systems.
This has been overlooked in the a r t ic l  es mentioned above. The
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theory of angular momentum exchange is not greatly diminished by this fact 
since there is no experimental method for forcing a system to be isotropic.
The concept of isotropy is a theoretical convenience not an experimental 
reality. Its chief convenience arises from the simplifications i t  brings 
to the definitions of the transport coefficients through the use of Curie's 
theorem. We shall assume that as the degree of anisotropy becomes very 
small, l i t t l e  error is incurred by using the transport coefficients defined 
for the corresponding isotropic system.
This is a commonly used assumption. Although for monoatomic fluids 
the usual coefficients of shear and bulk viscosity are s tr ic t ly  defined 
only for systems where the fluid properties are orientationally isotropic, 
they are aften used in the Navier-Stokes equation for compressible fluid 
flow situations where fluid density is anisotropic. The description of macro­
scopic effects which we shall give follows that given originally by Grad (1952) 
but differs from that treatment in one important respect. In contradistinction 
to Grad we admit coupling between and angular momentum flux and the heat flux. 
Many previous authors have ignored this effect (e.g. Ailawadi et a l . 1971, 
Gershon and Oppenheim, 1972). We also derive the equations of hydrodynamic 
flow for such a fluid and show that in spite of the coupling just mentioned 
the generalized Navier-Stokes equations do not explicitly refer to temper­
ature. These equations were f i r s t  proposed by Dahler and Hoffman (1970) but 
they gave no proof. Our notation is that of de Groot and Mazur, 1962.
The second section develops sta t is t ica l  mechanical expressions 
for the relevant thermodynamic fluxes and densities using the method of 
Irving and Kirkwood (1950). I t  avoids the difficult ies implied in the work
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of Noll (1955), regarding f ind ing the rate of change of external angular 
momentum. We work only with the equation fo r  internal angular momentum.
The th i rd  section presents a b r ie f  derivat ion of corre lat ion 
function expressions fo r  the various transport coe f f ic ien ts  defined in 
section one. They are derived using the Kubo, Yokota, and Nakajima (1957) 
formalism which avoids the object ions raised by van Kämpen (1971) to the 
customary use of l inea r  response theory (Mori, 1958).
117.
§6.2 The equations of conservation
Using our knowledge of  conserved quant i t ies we can re late 
the rates of  change of densit ies in these quant i t ies to various fluxes 
and production rates. This procedure y ie lds the equations of conservat- 
ion. Though these equations have been derived before by Snider and Lewchuk 
(1967) we derive them b r ie f l y  here fo r  the sake of  completeness and fo r  
the purpose of developing notat ion. Thus i f  p(_r;t) is the mass density 
and uj_r;t) is the local average f l u i d  ve lo c i t y ,  then by considering an 
a rb i t ra ry  simple volume V with enclosing surface S we see that
V V S
Using the divergence theorem and remembering that V is a rb i t ra ry  we f ind
~!jr + V • pU^  = 0  (6.1)
Since fo r  any var iable a
p at= ! i r +1 a (6-2>
we can w r i te  (6.1) in the form
+ p v_ • u_ = 0 (6.3)
Equation (6.3) is cal led the equation of con t inu i ty .
Using the same concept o f  a control surface and by defining
the pressure tensor P (not necessari ly symmetric) in terms of the i n f i n i t e s ­
imal force d£ f e l t  by the surface element dA as
d£ = -P1" • dA (6.4)
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we can obtain the equation
pu dV 3pU^
at
(pit + P^) • dA (6.5)
In these equations PL is  the transpose of the pressure tensor and can 
be wr i t ten
P = p I + n = = = ( 6 . 6 )
where p is the equi l ibr ium hydrostat ic pressure and I is the id e n t i t y  
matrix. Again using the divergence theorem
apu
at -+ V • p U U + V (6.7)
Before we can progress very much fu r the r  we must introduce the 
re la t ionship  between the antisymmetric part of a second rank tensor and i t s  
associated f i r s t  rank pseudo vector. We re fer  the reader to some of  the
many references on the subject (Arfken, 1968 or Spain, 1960). B r ie f l y ,  i f
I  is the iso t rop ic  th i r d  rank tensor, or the Lev i -C iv i ta  tensor, and i f  C 
is an a rb i t ra ry  antisymmetric second rank tensor
(2)a
C( l >P i  le(3) : ((C(2 ) ) V2 *
= - l  e(3) : ((C(2 ) )ac. = =
Normally the rank superscript and the superscript "P" denoting 
"pseudo-" w i l l  be omitted. We define the cross product 
of two vectors s im i la r ly
(x x y_)P = X
(6 .8 )
(6.9)
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Cont inu ing our d e s c r ip t i o n  o f  conservat ion  equa t ions ,  i f  dr  ^
i s  the i n f i n i t e s i m a l  torque exper ienced by the sur face element dA we de f ine  
the couple tensor  Q by the equat ion
dr P ( 6 . 10)
Here the " P ' " s  denote the pseudo nature o f  the respec t ive  
tensors .  We are fo l l o w in g  the convent iona l  d e f i n i t i o n s  
here (see de Groot and Mazur, 1962 and Sn ider and Lewchuk, 1967) s ince 
dA should r e a l l y  be pseudovector,  being de f ined as a cross product.  
Provided we are con s is te n t  t h i s  w i l l  cause no d i f f i c u l t y .
The equat ion o f  change o f  angular momentum dens i ty  J^(jr; t ) is
then
_d_
dt J dV
_3_
9t (p J) dV ( 6 . 11)
r  x dF dr p J u dA
Using ( 6 .1 0 ) ,  (6 .9 )  and (6 .4 )  and the divergence theorem we see
P ) + Q + pu J ( 6 . 12)
Now the angular momentum dens i ty  cons is ts  o f  two p a r t s :  t r a n s ­
l a t i o n a l  angular momentum L_, and i n t r i n s i c  angular momentum S^. I n t r i n s i c  
angula r  momentum i s  the angular momentum a p a r t i c l e  has about i t s  own 
cent re o f  mass. So we have
J = L + S (6.13)
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Using (6.7) , (6.12) and the equation
dL a
p dt  = p dt  (^ x ü)  (6-W)
we see that
p + v • g + 2 P ^ P = 0 (6.15)
where P^ is the pseudovector associated with the antisymmetric part of P.
If e is the energy per unit mass in the fluid and e  ^ and e  ^ are i t s  rotat­
ional and translational kinetic parts respectively,and i f  U is i t s  con­
tribution from potential energy we can write down the conservation of 
energy equation. The rate of change of the rotational contribution is
d _ d q
i t  e r '  %  ‘ dt i (6.16)
where is the local average angular velocity with respect to a laboratory 
coordinate frame. Substituting equation (6.15) into (6.16) we have
p -  -  Wq * [ V_ • Q + 2PJ . 
Similarly the translation kinetic contribution is
(6.17)
-1 = .  v • (P • u) + _Pt • y u . (6.18)
Since energy is conserved and by using (6.17) and (6.18) we find that
8pe
3t - v • [ p e u + P • u + Q * w + J ]  (6.19) —  —  =  —  =  o  — C]
where J is the non-convective energy flux ( i . e .  the heat flux vector).
H
Combining (6.17), (6.18) and (6.19), we obtain the equation for internal 
energy conservation
( 6 . 20 )dU p dt -  V • J  - P t - V U - Q t ‘ V o )  +  2o)  • P_ ^ q _ ------2 ----------- o - n  —- o
1 2 1 .
If  a system is not far  from equilibrium so that  i t  
can be subdivided into macroscopically small subsystems that  are in local 
thermodynamic equilibrium, thermodynamic quanti t ies can be assigned to these 
subsystems which are analogous to the quant i t ies of equilibrium thermo- 
dynamics.
I f  s is the entropy per unit  mass, o is the entropy source strength 
and is the non-convective entropy f lux,  i t  is well known that
P & ’ - I - J s  + o (6-21)
From the Gibbs relat ion
T ds = dU 
dt dt ( 6 . 22)
and from equations (6.22),  (6.20) and (6.3) we see that
•, nZ-n n • v u n t  •
J q  ' _ = _ Q * +  2 w 0 - P
T" T T T
(6.23)
Comparing (6.23) with the equation from i r revers ible  thermodynamics.namely
» = I J,' X. (6.24)
we see that  the various thermodynamic fluxes J . ,  and forces X^
occuring in (6.23) can be ident i f ied.  I f  we assume l inear  law in the usual 
fashion
J i = l Li j  xj <6-25>U
where the are the phenomenological coeff icients  that  are independent of the
forces Xj. The L^. . are simply related to the classical  coeff icients
of t ransport  we shall define short ly.  Considerations of symmetry,
pari ty and tensorial  rank r e s t r i c t  the sum in (6.25) to one over X. of the same
J
i r reducible tensorial  character.  These considerations are known col lect ively as 
Curi e 's theorem (de Groot and Mazur, 19 62). I f  j j n^
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and X-
— J
(m)Q are i r reducible  tensor forms representing the fluxes and forces
in (6.25) and i f  they have rank n and m, pari ty P and Q respect ively,
Curie's theorem says that  in a f luid where the relevant  propert ies 
are or ienta t ional ly  i sot ropic
I . 
:1
( n ) Q l  Lg - X .L. TJ =J
(n) P
' P , Q (6.26)
and that
a  = l  [n]  x W *  (6.27)
i ,n,Q '
J -  L.
where the bracket notation implies an nLr order contract ion.  Pari ty can be 
defined as +1 for polar quant i t ies and -1 for pseudo quant i t ies .  As stated 
Curie's theorem is exact. In prac t ice ,  problems ar i se  in the application of 
th is  theorem. The only systems where al l  "relevant propert ies" are s t r i c t l y  
i sot ropic are probably equilibrium systems, but in these systems Curie's 
theorem is obviously redundant. The i r reducible representation of an 
a rbi t rary second rank tensor C is given by
1 a os
C = j  t race (C) I + Ca + C (6.28)
os
where C is the symmetric t raceless  part  of C and Ca is the antisymmetric part  
of C.
In accordance with these considerations we can make the following 
def ini t ions of classical  t ransport  coeff icients  (closely related to the L.. . above)
n = - nv (_v • u)
OS
n = - 2 n p_° u)s 
na = - nr ( v x u _ 2 ^ 0 )
Q = - c ( V • co ) (6.29)v -  - o '
os
Q = - 25 { f  as )S 
f  = -  <yr ( ! ^ ) -  5rq V(T)
^q “ Cqq " ^qr^- x % )
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where
and
n = y trace (n_) 
Q = i trace (Q)
vJ =
(6.30)
n , nv and nr are known as the coefficients of shear, bulk and rotation or 
vortex viscosity respectively, e is the usual coefficient of thermal con-
H H
ductivity. The other c coefficients are the couple tensor analogues of the 
viscosity coefficients.
There are two points to note about these definitions. Firstly we 
see that the antisymmetric part of the couple tensor couples with the heat flux 
vector and secondly because of this coupling e , cqr are subject to the 
Onsager-Casimir relations. They imply (as we shall see in section 6.4)
' rq = ' Cqr/T (6-31)
In defining the transport coefficients,  we have assumed that in 
an isotropic fluid all the relevant irreducible fluxes exist. In Appendix III 
we show that i f  the fluid is orientationally isotropic the pressure tensor 
must be symmetric. We do not give the proof here because i t  relies upon 
stat is t ical  mechanical arguments rather than thermodynamic ones and hence 
i t  must wait until we have developed the necessary expressions in §6.2.
If the pressure tensor is symmetric, the exchange of internal and external 
angular momentum predicted by equation (6.15) is impossible. Since on 
heuristic grounds the exchange of momenta should be quite important for the 
understanding of transport processes in dense fluids we are forced to relax 
the assumption that the fluid is isotropic. As pointed out in the introduction 
to this chapter, the assumption of isotropicity is a theoretical convenience 
only. In an experimental situation we have no direct way of ensuring that a non­
equilibrium system is isotropic. Snider and Lewchuk (1967) have pointed out that 
the symmetry of a polyatomic fluid should correspond to that of the axial vector 
S, the spin density. Regardless of whether their  argument is entirely rigorous or
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not, i t  certainly demonstrates that for regions of a polyatomic f lu id  with a 
non-zero soin density, the assumption of iso tro p ic ity , is approximate.
The f lu id  systems in which we are interested w ill have regions where 
the spin density is non-zero and where the pressure tensor may therefore be 
non-symmetric, allowing exchanges between internal and external angular momenta.
I t  is further assumed that the degree of anisotropy is su ff ic ien tly  small to 
allow an accurate description of the relevant transport processes using trans­
port coefficients defined for an isotropic system.
The problem of using transport coefficients that have been defined on 
the basis of a given symmetry condition to describe a f lu id  where a different 
symmetry holds is not new. Orientational isotropy does not only place con­
straints upon the angle variables occurring in the distribution functions. 
Consider an isotropic f lu id  composed of spherically symmetric atoms devoid of 
rotational degrees of freedom. Curie's theorem,applied to isotropic f lu ids , 
requires that all molecular properties relevant to the transport coefficients 
should be orientationally isotropic. In as much as transport coefficients are 
density dependent, this implies that the use of transport coefficients like  
shear and bulk viscosity should be restricted to flu ids where density variations 
are orientationally isotropic in the neighbourhood of any point within the f lu id . 
S tr ic t ly  speaking therefore, we should not use the ordinary coefficients of shear 
and bulk viscosity in anything but a f lu id  of uniform density.
In the ir treatment of anisotropic flow in polyatomic flu ids Snider 
and Lewchuk (1967) assumed that the f lu id  symmetry, in the absence of external 
f ie ld s , is  determined solely by the direction of the local angular momentum 
density vector. As a consequence of our discussion of isotropy, i t  would appear 
that other hydrodynamic variables may also determine the local symmetry of a 
f lu id  system.
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When the constituative relations (6.29) are substituted into the 
conservation equations and the irreducible tensors are decomposed, we obtain 
the hydrodynamic flow equations. The equations that correspond to the Navier- 
Stokes equation are two coupled d iffe ren tia l equations for the linear and 
angular velocity fie lds. These two fie lds are coupled because the variable 
.v x u_ - 2 ^  is proportional to the antisymmetric part of the pressure tensor.
We might expect that the temperature f ie ld  is also coupled to these equations 
but this is not so. v_(T) disappears identica lly from the Navier-Stokes equat­
ion because v_ x v(T) vanishes fo r a ll scalar fie lds T. The Navier-Stokes 
equation for linear motion has been derived in detail before (de Groot and 
Mazur 1962) so we simply state i t  here
p = -I(P) + (nv + f  - nr ) v(v • u)
+ (n+nr ) v2 u_ + 2nr (v x u^)
The Navier-Stokes equation for spin is derived 
dS
P df = • % )  -c r r v X ( Z  * % )
-Crqv * Z(T) + 2v • + 2nr (v x u -2 ^ )  (6.33)
which was obtained by substituting (6.29) into (6.15). The th ird  term
on the right hand side vanishes identica lly  so that the temperature coupling dis-
0  \S
appears rigorously. Decomposing the irreducible tensor (;v u^) in the usual 
way (6.28) we see that
v • (v° l^ ) S = \  v2 ^  v(v • a^) (6.34)
and substituting (6.34) into (6.33) we arrive at the required equation
(6.32)
from the equation
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+ ( c v +c/3 - c r r ) v ( v  • Wq ) + U  + cr r ) V2^ (6.35)
The only temperature dependence is the im p l ic i t  one o f the transport coe ff ic ien ts  
on temperature. These equations have been described before by Dahler and 
Hoffman (1970) who obtained them by "ignoring temperature f ie ld s " .  We have 
shown that i t  is not necessary to make such an assumption and tha t in fac t 
e x p l ic i t  temperature dependence disappears r igorously .
The energy equation is more complex, but i t s  derivation follows 
exactly the same method to give
p I F  = cqq v2(T) ' p(-  ' + V -  ' - )2
+ ; v (v. • i ^ ) 2 + 25 ( v °  - t r r  ( v * ^ )  •
- crq V(T) • (vxo^) (6.36)
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§6.3 S t a t i s t i c a l  mechanical expressions for hydrodynamic variables
In this  section we follow c lo se ly  the method of Irving and Kirkwood (1950) 
and the reader is  referred to th e ir  original paper for a c lear  and succinct
explanation of th e ir  method. B rief ly  we define point density functions for 
the various d en s i t ie s  treated in § 6 .2 ,and by using the Liouvi l le  equation,  
evaluate rates o f  change in these d e n s i t ie s .  In so doing we determine express­
ions for flux tensors that obey the macroscopic conservation equations. The 
f lux  tensors so defined are non-unique, s in c e ,  with the exception of the a n t i ­
symmetric part of the pressure tensor ,  the conservation equations refer  only 
to the divergence of the flux tensors.  The fluxes are only defined modulo the 
addition o f  divergenceless  tensors o f  the appropriate rank.
The L iouv i l l e  equation for polyatomic f lu ids
The Liouvi l le  equation expresses the fact that the substantive  
derivat ive  of  the N-partic le  d is tr ibut ion  function in canonical variables is  
zero (Goldstein,  1971 and Huang, 1963),  that i s
dfN
^  (ß.,a,t)  = 0 (6.37)
where i s  the N-particle  d is tr ibu t ion  function in phase space (the space of  
all  canonical co-ordinates of the system).
Although we could actual ly  use equation (6.37) in i t s  present form 
we prefer to transform i t  into an equation that i s  eas ier  to manipulate. The 
canonical co-ordinates of  rotational motion do not have any d irect  physical  
interpretation and the Hamiltonian o f  an arbitrary r ig id  body i s  complex. We trans 
form the L iouvi l le  equation so that the components of angular ve lo c i ty  
r e la t iv e  to a laboratory frame o f  reference replace the canonical angular
momenta.
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Consider an N-particle distribution function fN in the 12N dimensional 
space of variables A, where
A = ( L i .........^ n ’-P-i’ ..........-^n’ ^-l5..........“p» “ 1 .......... ^  > (6.38)
where a_. is a 3-vector
o^- = (cos 0 . > <j)^ , lj;. ) (6.39)
+* hand 0^,4>^ ,i|>. are the Goldstein Euler angles (Appendix I) of the i Lr body and 
where r_. gives the position of the centre of mass of the i Ln molecule. The 
function fN gives the normalized probability that an N particle system lies 
in an infinitesmal region dA of A-space.
I t  is easy to show that
A A  =
dp dq (6.40)
where d£ d^ represents the differential element of the 12N dimensional phase 
space of N rigid bodies each with principle components of the inertia tensor
VC’V
This shows that AA is a constant multiple of the N-particle Poincare 
integral invariant (Goldstein, 1971)» so that AA is a constant of the 
motion of the N-particle system,as is jdp dq. Knowing th is ,  i t  is simple matter 
to follow through the usual arguments leading to the Liouville theorem (Huang, 
1963). Thus,
0 (6.41)
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Nwhich is quite a d i f fe re n t  equation to (6.37) fo r  f  . Evaluating the substant­
ive der ivat ive we arr ive at the non-canonical form o f  the L io u v i l le  equation 
for  r ig id  polyatomics
+
- i (6.42)
where a.. = (e-,<J>* ) and p = dp/dt.
I t  is also easy to show using the divergence theorem and the fact
that
that
N
v 9 • , 9 * n
i^ i ^ 7  ' - i
(6.43)
(6.44)
We have now achieved the desired transformation of the L io u v i l le
equation.
Expressions fo r  densities
Following Irv ing  and Kirkwood,we define the densit ies required fo r  
the s ta t i s t i c a l  mechanical generation of the macroscopic conservation equations. 
The p roba b i l i ty  per un i t  volume that molecule k is at r  at time t  is
<6( l V - ) ; fN> " <6k>
sin e. d*V d^ ]D d^a d 
=  1 1
(6.45)
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The total  mass de ns i t y  at  r due to a l l  the molecules  i s  thus 
N
p ( r ; t )  = I <M. 6 ( r , - r ) ;  f N> (6 .46)
k=l K
S i m i l a r l y ,  the to ta l  momentum dens i ty  i s  given by
p ( r ; t )  u(r\ t)  = I <jv 6 ( r \ - r ) ;  f N> 
k=l ^
and the angular momentum f i e l d  i s
(6 .47)
P( r ; t )  S ( r ; t )
N
l
k=l
< | k • ^  6 (j^ - r);  f (6 .48)
4 .  L.
where 1  ^ i s  the i n e r t i a  t ensor  o f  the k body. F i n a l l y ,  the energy dens i ty  
i s
p ( r ; t )  e ( r ; t )  e p ( r ; t )  ( e t  + e r + U)
2M.
+  <
"  1 I $
n=2 n!
1
2
f N ]
l
w
:k ^ V
*(n)(rs( l ) . . . . r s {n)> a s ^ . . . « ^ ) 6 s(n)>
(6 .49)
In (6.49) e^ and e r are the t r a n s l a t io n a l  and r o ta t i ona l  contr ibut ions  
to the k i n e t i c  energy r e s p e c t i v e l y  and U i s  the pot ent i a l  energy dens i ty  per 
unit  mass. In (6 .49)  we have assumed that  the potent i a l  energy o f  N p a r t i c l e s  i s  
independent o f  the t r a n s l a t i o n a l  and rotat ional  v e l o c i t i e s  o f  the p a r t i c l e s  
and that  i t  can be expanded as a s e r i e s
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1 N / \ . N / v
$> -  -  y 0 ( 2 ) + — y (?)(3 ) +
" 2! s ( l )  j ( 2 ) - l  * s d ) . s ( 2 ) + 3 ! s ( l K s f 2)>s(2)  *S( 1) , S ( 2 ) . S ( 3 )  +
(6.50)
so that  in (6.49)
s ( i )
N N
I . . .  I
s ( i ) = 1 s(n) = l
In most applicat ions three body and higher order terms are ignored though in 
recent years some calculat ions of molecular system propert ies have been made 
using thee body potent ials  (Evans and Watts, 1975b). Since the work in this Chapter 
is essent ia l ly  exact we have decided to maintain the N-body potential  energy 
st ructure.
Rates of change of densi t ies
For any N par t ic l e  variable 3 that  has no exp l i c i t  time dependence
9  ^ .c^  v
1 =1a t ri
b; f N> (6.51)+ E-i ‘ v£ i + S-i ' V i  + SM ‘ %
where we have used relat ions (6.42, 43, 44). Subst i tut ing (6.46) and (6.47) 
into (6.51) we obtain the usual equation of continui ty (6.1) and the equation 
of l inear  momentum conservation (6.7) i f  the pressure tensor (modulo the 
addition of symmetric divergenceless terms) takes the form,
P = P. + Px# = =k = v (6.52)
when
and
V = < I (S7 <i7-M) mi V
N
< l
n-2 S ( j H
N in (n-1) Rs(n),s(k) 
k=l n!
(6.53)
(6.54)
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where This is the N-body general izat ion of
the I rv ing and Kirkwood expression fo r  the pressure tensor. As usual
Rs(n), s( k) = rs(k) - rs (n ) (6.55)
and
m-1
(-Rs(n) , s ( k) • v r )m_1 
ml (6.56)
In th is  der ivat ion use was made of  the fac t  that fo r  a l l  n <  N
(6.57)
We now seek to derive an expression fo r  the couple tensor,Q, which is 
defined by equation (6.15). Noll (1955) has pointed out there are d i f f i c u l t i e s  
in handling (6.14) by the Irv ing  and Kirkwood method but we do not need to 
derive th is  equation s ta t i s t i c a l  mechanically since we already have an expression 
fo r  the pressure tensor.
Substi tu t ing (6.48) in to  (6.51) we see tha t :
We know from classical mechanics that i f  the o r ig in  of body co-ordinates 
is the centre of  mass of the body then, even i f  the body is accelerating
+ < (6.58)
- n (*) (6.59)
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where r is the torque about the centre of mass experienced by the particle  
concerned. It can be shown that ft_ = f t ( a j  and that in fact:
f t  =
("cos 4>, - cos e.sin <j>/sin e, cos2 e.sin <j>/sin 0 + sin e.sin <j>' 
sin <j>, cos e.cos <j>/sin 0 , - cos2 0 .cos <j>/sin 0 - sin ©.cos <j>
0 1 0
r3/30*
3/3c|)
1^/9^
From (6.50) we see that,
(6.60)
/• 3
K } ^  ' da -) l u  ‘ Wj, <$i>+ ^  =k ■ *k uk'
-  <
n=2 SÖ)=1
^s( i)  (*s(J)} 6s ( i ) :
Since nett torque on an isolated system is  zero, for any n <N
(6.61)
I « s ( i ) ( 'fn) + 15(1)  x v r s ( i )  ($n) = 0 
= 1
(6.62)
Combining equations (6.57), (6.61) and (6.62) we see that
"I (^< ■ 4 +^  ’ 4^  =k ■ ^6|<:
v In In=2 n> s( j
n n (n)
U  i l j  ^ ( i )  (4>s { j ) ) (6s ( i )  "6s (n ) )
s (n )>- Rs(n),s(i) x vrs( i )  6 (6.63)
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Using the usual manipulations of  these expressions to obtain 
equations involv ing u and and by using equation (6.56) we see that
äjT pS. + (v • puS)
, h
'k* • ^ k • K 'V  V
N N 1
+ i  ■ < l  £|
n=2 n- S(j) = l
{nj ^  Rs(n) ,s ( i )  ^ ( i ) . ( » )
N , N
s (n )>s( i )  5s(n)> + •= I  H"I , 1J n=2 n ’ ls(j)=l
(n-1)
l
i = l
Rsn,s(i) x v r s ( i )  5s (n )> (6.64)
The la s t  cross-product term is almost5but not qu i te , the  pseudo-vector 
associated with the antisymmetric part of the pressure tensor. This was f i r s t  
pointed out (in 2-body form) by Grey and Dahler (1972). In fact
2 P = -£ : E
N f N
<1
n=2 s ( j  )=1
(n-1.) , / n
.1 in  Rs(n) , s ( i ) x v r s ( i )  ( t £ " j  
i = 1 (o)
0(s (n) , s ( i ) )5s (ny (6.65)
I t  can be shown by performing integrat ions by parts, manipulating 
the resu l t ing  expressions and by returning to the o r ig ina l  form that 
unless the density p, is s p a t ia l l y  uniform
( l -0 (s (n )  , s ( i ) ) ) 5s(n ) = l r‘ R s (n ) , s ( i ) p ( s (n ) , s ( i ) ) 6 s (n) (6.66)
where P(s(n) , s ( i ) )= £
m=2
(- R s (n ) , s ( i ) - vr) 
m!
m-2
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If the density is uniform (l-0(s(n) , s ( i ))) may be equated with zero.
Using (6.64, 65, 66) we see that we can derive the macroscopic form 
of the spin equation (6.15) i f  Q is given by the following expression
2 = 2k + 2v
A
2k = < l(S7 l i  ' V
Qu ■ -  <1 h
N n^ (n-1)
y l Rs(n),s(i)
S( j ) = l  i =l
ns(1) ($s ( j ) )0(s (n) >s(i))+ R.s(n) , s ( i ) x vrs(i )  ( ^ ( j ) )p(s (n) . s ( i ))
*s(n)> (6.67)
If  the fluid density is uniform the last  term in Qv may be set to 
zero or le f t  as i t  is. Both expressions so obtained will satisfy the conservat­
ion equation (6.15) since the divergence of the last term in Qv for the uniform 
density situation can be shown to be zero.
Various authors have assumed that Q, the couple tensor, is symmetric 
(Condiff and Dahl er, 1964). The couple tensor however has very different prop­
erties to the pressure tensor in this respect. I t  is well known that for dilute 
polyatomic fluids the pressure tensor is dominated by its  kinetic component 
which is necessarily symmetric. The couple tensor's kinetic component however 
is non-symmetric. This means that the usual arguments that are advanced in 
order to show that the pressure tensor is symmetric (or approximately so) for 
dilute polyatomic fluids, are totally irrelevant when applied to the couple
tensor.
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Using similar methods we can derive s tat is t ical  mechanical 
expressions for the heat flux vector defined by equation (6.20). Using 
equations (6.49) and (6.51) and by using the fact that
• 9 $ / \
<3 •  —  =  0 3  *  ^  $  J
oOL
we find
k  +  1 T2 ^  + 2 * Ik k^ s(k)
, r 1 [ V TVßW ,n
L- n!n=2 s o i l  6s(n)>
♦ <1 I
n=2 n S(jj5*i
n N £s(i) AU
ms(i ) 3rs(i
^ ( i )  • fis(1) ($s ( j ) } (6s(n) ■4s(1))> ( 6 . 68 )
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Using the usual manipulations of averages, substituting for P.u^  and 
Q.m and using (6.56) we f inal ly  discover that the heat flux vector is given— O
by
„ mn a i
p. m D „ 1
a ■ < I Gr -u) (t  (ii^  + \  V
+  <
N 1
i hn=2 [ S ( i )= l " ® - ü )  •••• s(n)
n=2 " ! S ( j 5
N
ük
n (n-1)
I Rs(n),s(i)  
i = l
‘m - * )  ^ms(i) —' ars(i
+ (cos( i ) -a^) • fis(i) ( ( j ) 0 ( s ( n ) , s ( i ) ) 6 s jnj
N 1n(n-l)
<1 I l E?(n),s( i )  Rs(n),s( i )  x vrs(i )
n=2 n ' [s(j)=lj  i-1 s u ;
P(s(n) ,s( i  ) )«s (n); (6.69)
This result generalizes and result given for point molecules inter­
acting through a pair potential,  given by Irving and Kirkwood. It has not been 
derived even in two-body form before. The f ir s t  two terms of (6.69) represent 
the kinetic fluxes of translational and rotational energy. The third term is 
the flux of potential energy and the remaining terms represent the work done 
by the molecules as they move through the system. If  the density is uniform 
the last  term may be set to zero.
138.
§6.4 Kubo-Green expressions fo r  transport coe f f ic ien ts
Our calcu lat ion of transport coe f f ic ien ts  is based upon the we l l -  
known resu lts  of  the theory due to Kubo, Yokato and Nakajima (KYN) (1957). 
Though th is  derivat ion is in some respect elementary i t  has the great advantage 
fo r  our work that i t  is couched in terms of i r re ve rs ib le  thermodynamics 
Thus we can use equations derived in sections 6.1 and 6.2 with a minimum of 
a l te ra t ion .  In addit ion Zwanzig (1964) has removed the or ig ina l  Markovian 
assumptions used by Kubo et al and thus has establ ished i t  on a rigorous basis. 
The main disadvantage of th is  theory is tha t  i t  cannot supply any information 
on the frequency dependence of coe f f ic ien ts  (unl ike the treatments by Ai l wadi 
et al , (1971) and Gershon and Oppenheim (1972)). Since Zwanzig has previously 
given such a clear descript ion of the der ivat ion of the KYN theory using the 
fo rce - f lu x  concepts of i r re ve rs ib le  thermodynamics, we only give the resul ts  
of the theory here. B r ie f l y  th is  theory says that i f  l inea r  transport law 
is obeyed
j | n) = I  L<2n> [ n] X<n)
=1 J =1J =J
and i f  entropy production takes the form
£■ s j n,i »>;(">
n , I
where [ n ] s ig n i f ie s  an nLn order contract ion then
(6.70)
(6.71)
, (2n)
=i j
1
kV ’< o ! n) j< " )-J ( t )> 0 dt
(6.72)
where k is Boltzmann's constant and J . ( t )  is the microscopic f lu x  associated 
with at time t  in a volume V, and < >q s ig n i f ie s  an equi l ibr ium ensemble
average.
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As can be argued from either a macroscopic or microscopic point of 
view for isotropic systems, these equations become
f n ) Q: 1
i
(n)Q (6.73)
where Q indicates the character of the coupled forces and fluxes in irreducible 
cartesian form ( i.e . pseudo or polar tensors). Entropy production is given by
ds v 
Hf = . I
dt '  i ,n ,Q Si
(n)Q [n] X(n)Q (6.74)
and the transport coefficients become
Q -  1 i j  (2n+l) kV. < j ( n)Q (0) ( n] j ( n)Q ( t)> dt= 1 =.] 0 (6.75)
The actual expressions for the J can be obtained d irectly  from the 
formulae (6.53), (6.54), (6.67) and (6.69) by setting all average velocities, 
angular velocities to zero and by le tt ing  the macroscopic delta functions 
be replaced by microscopic integrations over the volume V.
The various thermodynamic fluxes and forces can be identified from 
the equation for entropy production which can be re-written
Jq • V_(T) tt(_V._v ) tt_. (Vxy_2wo)
Os : yOyS Q ( v . w o )  ( VXÜJO) § S * V ° w So
(6.76)
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Table 6.1 sets out in tabular form the fluxes and forces so identified.
Table 6.1
i > xi ■ i^ = Phenomenological Coefficient Lij
1 -v(T)/T2 Jq Ln  = +T2' cqq’ L'3 = T' V
2 -v.too/T Q L 2 2  = T,?v
3 -VxcoO/T Q L33 = T' !rr> L3i = T2?rq
4 -(v°uo)s/T IS L 4 4  = 2T,5
5 -(v.v)/T TT L55 = T' \
6 -(^xvr2(oo)/T TT S- 
cr 
1—ll<X>U3
_l
7 -(v°v)S/T 0SH CT
1— cvjiir^_J
The Onsager-Casimir relations imply l_13 = ±l_31 and noting that 
Jq and have opposite time reversal symmetry we obtain equation (6.31).
Now we have all the information at our disposal to calculate any of the 
transport coefficients. We simply substitute any of the expressions for 
the fluxes derived in section 6.2, into equation (6.75) and use the information 
in Table 6.1 to evaluate the classical transport coefficients.
We obtain the following expressions
<  7T (0) TT ( t  ) >■ * r «
< Q (0) Q (tj>
n
-
c
- - i _  flOkTV J
oc 9S
<  1 ( o )  :  TT ( t ^
dt
°s ?s
< Q (0) : g ( t \
(6.77)
(6.78)
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qr
^ r r  • 
n
1
3kT2V
r
0
dt
<5q(0)  . Jq(t ]£
<S.(o) . h(t)i
<Jq(0) . a( t )>0
< q . ( o )  . a ( t ) > l
<n(0) . l(t)>e
(6.79)
(6.80)
The express ions  f o r c ^ ,  Cqr » Cr r  have not  been obta ined before .
I t  is usual to t r u n c a t e  the  dyadic s e r i e s  occur r ing  in each of  the  f l ux  
vec tor s  ( s ec t i on  6 . 2 ) .  The f i r s t  term of  Pi j  and Oij i s  q u i t e  accura te  f o r  
bulk f l u i d s  under common condi t ions  where the r a t e  o f  change o f  dens i t y  is  
such t h a t  i t  may be assumed cons t an t  over  molecular  dimensions.
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Transport Coefficients of Dilute Polyatomic Gases
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§7.5 Comparison of model predictions with experiment
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§7.1 Introduction
In the last chapter we described the transport theory of fluids 
composed of rigid polyatomic molecules. That theory was quite general and 
i t  provided,among other things, a theoretical framework within which we 
could understand the reasons why transport coefficients are so defined. It 
explained for instance, why there are only three independent coefficients 
of viscosity and why in dilute gases only two of these coefficients are 
important. The theory also provided simple formal expressions for the 
calculation of all the coefficients of transport introduced. As they stand 
the correlation function expressions require a knowledge of the temporal 
evolution of the fluctuations from equilibrium of the relevant system. To date
this knowledge has been obtainable only through the use of the molecular 
dynamics computer technique (Alder and Wainwright, 1957)
During the second half of the last  century Maxwell, Boltzmann, 
Lorentz and others, laid the foundations of the transport theory of dilute 
systems, kinetic theory. Although specific to dilute systems, kinetic 
theory lead eventually to expressions for transport coefficients which,com­
pared with the correlation function expressions of the last chapter, were 
easy to evaluate numerically. The reader is referred to one of the many 
text books written about kinetic theory for a derivation of Boltzmann's 
equation and i ts  subsequent solution by the Chapman-Enskog method (HCB,
Chapman and Cowling, 1939 or Ferziger and Kaper, 1972). Green (1954) and Mori 
(1958) have shown that under certain assumptions which sould be accurate for 
dilute systems, the Kubo-Green correlation function expressions reduce to a 
set of formulae which are very similar to the corresponding Chapman-Enskog 
expressions for the transport coefficients of dilute monoatomic gases.
In 1951 an analogous kinetic theory approach was developed for 
polyatomic gases by Wang Chang and Uhlenbeck (1951). In this treatment the 
internal degrees of freedom of molecules were treated quantum mechanically
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while the trans la t iona l degrees of freedom were handled c la s s ic a l ly .  As we 
shall see th is  theory was based upon a number of assumptions. Notable 
among these were, tha t inverse co l l is io n s  (Tolman, 1948) should 
ex is t and tha t fo r  the purposes o f the hydrodynamical description of poly­
atomic gases angular momentum should be ignored. The assumption o f inverse 
c o l l is io n s  is p o te n t ia l ly  serious since fo r  polyatomic molecules treated 
completely c la ss ica l ly ,  they are known not to ex is t  (Tolman 1948) and fo r  
quantum mechanical molecules they e x is t only i f  the in te rna l states o f  the 
molecule are non-degenerate (Ferziger and Kaper 1972). The assumption that 
angular momentum may be ignored from the po int o f view o f hydrodynamics 
arises because the Wang Chang and Uhlenbeck procedure (henceforth abbreviated 
as WCU) ignores angular momentum as a summational inva r ian t o f binary 
c o l l is io n s .  As was the case fo r  monatomics, the so lu tion of the Boltzmann 
equation, as generalized by WCU, leads to a series solu tion o f  the 
Boltzmann equation in the hydrodynamic l im i t .  The series are then truncated 
at the f i r s t  term y ie ld in g  expressions fo r  the d i lu te  gas transport c o e f f ic ­
ients which are in tegra ls  o f functions of the i n i t i a l  and f in a l  states of 
binary c o l l is io n s .  In the case o f monoatomic gases, truncating the series 
so lu tion at the f i r s t  term is  qu ite  accurate (Ferziger and Kaper, 1972) but 
i t  is uncertain how accurate the same approach is  fo r  polyatomics.
In 1957 Taxman (1957) produced the corresponding theory where the 
dynamics of the system were assumed to be completely c lass ica l.  For r e la t ­
iv e ly  large and heavy molecules l ik e  benzene the assumption o f c lassica l 
mechanics leads to only very small errors . For instance, the quantum 
correction to the ground state energy o f the Van der Waals benzene dimer is 
only 3% (McGee, 1975). The quantum corrections to the transport coe ff ic ien ts  
are l i k e ly  to be very much smaller than th is  since the expressions fo r  the 
transport coe ff ic ien ts  are in tegra ls  over a l l  possible binary c o l l is io n
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t ra je c to r ie s  (Gordon, 1973). The Taxman expressions have the great advant­
age o f not assuming the existence o f inverse c o l l is io n s .  Instead, use is made 
o f  Boltzmann's theorem o f "the closed cycle o f corresponding states"
(Tolman, 1948). The assumptions of ignoring angular momentum as a summat­
ional inva r ian t and o f truncating the series solution o f  the generalized 
Boltzmann equation in the hydrodynamic l im i t  were also used by Taxman.
One of the assumptions used in the derivation o f  the Boltzmann 
equation fo r  monoatomics is  tha t the ind iv idua l molecules comprising a d i lu te  
gas spend a ne g lig ib le  frac t ion  o f th e i r  time ac tua lly  c o l l id in g  with other 
molecules. At higher densities ,where th is  assumption breaks down, the 
Boltzmann equation also breaks down. I f  we compare th is  c r i t i c a l  breakdown 
density fo r  two gases, one monoatomic and the other polyatomic, but with 
e sse n tia l ly  s im ila r  averaged potentia l parameters moment o f in e r t ia  and mass we 
would expectthe c r i t i c a l  density fo r  the polyatomic to be lower than tha t fo r  the 
monoatomic. This is because fo r  polyatomics,which can take up angular 
momentum about th e i r  centres o f  mass,the p o s s ib i l i t y  occurs o f having long- 
l ived  m u lt ip le  encounter c o l l is io n s .  Consider a c o l l is io n  of two molecules 
tha t before a c o l l is io n  have re la t iv e ly  small amounts of in te rna l ro ta tiona l 
energy. As the molecules c o l l id e  they may gain considerable ro ta tiona l energy. 
Since energy is  conserved, when they attempt to separate they w i l l  have 
reduced amounts of trans la t iona l energy available to them. This reduces 
th e i r  possible escape ve lo c ity  and can qu ite often make escape impossible, 
thus lengthening the duration o f the c o l l is io n .
Numerous papers have been w rit ten  tha t extend the Taxman or WCU 
resu lts . McCormack (1968) has applied Grad's th ir teen  moment method to the 
solu tion o f the WCU Boltzmann equation. Snider and McCourt (1965) have 
studied the solution of a completely quantum mechanical Boltzmann equation, 
the Waldman-Snider equation (Waldman, 1957). Various solutions to the 
c lassical formulation o f the problem have been made taking advantage of the
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relatively simple collision processes associated with rigid convex 
bodies (Curtis, 1956).
In the years that followed the work of Taxman, and Wang Chang and 
Uhlenbeck i t  came to be fe l t  that "the task of solving the dynamical problem 
of inelastic molecular collisions required by the theory, appeared almost 
hopeless, even with the aid of modern computing faci l i t ies"  (Mason and 
Monchick, 1962). A series of approximations to the WCU equations were 
developed which attempted to reduce the numerical complexity of those equat­
ions to essentially that of monoatomic collision integrals. Assuming the 
existence of classical inverse collisions Monchick and Mason showed that the 
calculation of shear viscosity could be reduced to a set of approximately 
equivalent calculations of shear viscosity for monoatomics. In doing this 
they assumed that only a small part of the collision trajectory contributed 
significantly to the shear viscosity. This meant that one could ignore 
molecular reorientation during a collision, the fixed orientation approxima­
tion. By further assuming that the contributions from the non-central com­
ponents of intermolecular force were insignificant, the desired computation 
was reduced to computing the average shear viscosity of a set of central 
potentials, one for each relative orientation of the two colliding molecules. 
They further proposed by making approximations and by again assuming the 
existence of inverse collisions that thermal conductivity could be expressed 
in terms of the bulk viscosity and the diffusion coefficient (Mason and 
Monchick, 1962). This relationship is known as the modified Eukon approxi­
mation .
There have been very few attempts at the direct calculation of 
transport coefficients from either the Taxman or WCU expressions. So far as 
we are aware no direct calculations have been made using the Taxman equations. 
Parker (1959) effectively calculated the bulk viscosity of a diatomic gas 
using a perturbative solution to the classical equations of motion. Lordi 
and Mates (1970) used Parker's diatomic potential to calculate the WCU trans-
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port properties of nitrogen using a numerical procedure for the solution of 
the equations of motion. Clarke and Smith (1970) made an approximate eval­
uation of the WCU expressions for a gas composed of hard spheres with embedded 
dipoles. Their calculation suffered from considerable integration errors, i t  
neglected out of plane scattering and i t  ignored the functional variation of 
the WCU integrands with respect to certain combinations of angular momenta.
All of these calculations were made using a r t if ic ia l  interaction potentials.
The main purpose of this chapter is to show that for highly non- 
spherical molecules like benzene direct calculations of the WCU and Taxman 
transport coefficients are possible provided one uses efficient numerical 
methods. That this should be possible for a substance like benzene, auto­
matically implies that the vastly simpler corresponding calculations for 
linear or diatomic molecules could almost be used as a standard technique for 
testing the accuracy of potentials developed for these substances.
The model potential used in these calculations was the six-centred 
Lennard-Jones potential that was employed in chapter 5 to investigate the 
structure of liquid benzene. We will show that the parameters of this 
potential can be rescaled by small factors, to produce a potential which sim­
ultaneously predicts the second virial coefficient of benzene vapour, the 
unit cell volume and sublimation energy of the solid and the shear viscosity 
of benzene vapour within experimental error.
We show that when the quantum mechanical cross-section appearing 
in the WCU equations is replaced by the corresponding classical cross section, 
small but systematic differences result between the corresponding transport 
coefficients as computed by the Taxman and WCU formulae. Although these d if f ­
erences are generally only slightly greater than the numerical integration 
errors, they are systematic in the sense that the Taxman results are always 
greater in magnitude than the WCU results. Should this observation be 
supported by future,more accurate,work our basic ideas concerning transport
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in d i lu te  polyatomic systems w i l l  need to be refined. This is because in 
practice most researchers seem to assume that the Taxman and WCU formalisms 
lead to iden tica l resu lts . This is  evidenced by the re la t iv e  concentration 
o f e f f o r t  tha t has gone in to  understanding the WCU approach while the 
Taxman approach has been neglected. To complete th is  chapter we make a 
number of observations and comments regarding the accuracy of the Monchick 
and Mason assumptions tha t in e la s t ic  processes cause only small d is to r t io n s  
to the c o l l is io n  tra je c to r ie s  and that molecular reorien ta tion  during a 
binary c o l l is io n  is ne g lig ib le  in the sense required by the fixed o r ien ta tion  
approximation.
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§7.2 The WCU and Taxman Formalisms
The Boltzmann equat ion gives the approximate ra te  o f  change o f  the 
s in g le  p a r t i c l e  d i s t r i b u t i o n  f u n c t i o n ,  f ,  in  the d i l u t e  gas l i m i t .  The 
d e r i v a t i o n  o f  t h a t  equat ion f o r  a gas composed o f  s p h e r i c a l l y  symmetric 
p a r t i c l e s  devoid o f  i n t e r n a l  degrees o f  freedom is  well -known and we w i l l  
not  d iscuss i t  here (see HCB, Huang 1970, Chapman and Cowling 1939, o r  
Fe rz ige r  and Kaper 1972). The Boltzmann equat ion f o r  a system o f  monoatomics 
f ree  o f  the in f l u e n c e  o f  ex te rna l  f i e l d s  is
b db d f  g ( f  f ;  - f  f a) (7 .1 )
where g = |^J = |_v -_v j  , b i s  the impact parameter and ^ i s  the azimuthal  
angle about the d i r e c t i o n  o f  the i n i t i a l  r e l a t i v e  v e l o c i t y  s p e c i f y in g  the 
d i r e c t i o n  o f  the i n i t i a l  o r b i t a l  angula r  momentum. The arguments o f  the d i s ­
t r i b u t i o n  fu n c t io n  are given by the equat ions
f i ( L >  V j > t ) (7 .2 )
f -  ( r ,  y.i > t ) (7 .3 )
where i f  the i n i t i a l  p a r t i c l e  v e l o c i t i e s  in  a c o l l i s i o n  are v^  and _v1 , the f i n a l  
v e l o c i t i e s  w i l l  be v.' and _v[ ,  r e s p e c t i v e l y .  I t  i s  we l l  known t h a t  the 
in ve rse  c o l l i  si on,where molecu la r  p o s i t i o n s  are in v e r te d  and where v_‘ and _v| 
are the i n i t i a l  s ta te s , le a d s  to  the f i n a l  s ta tes  v^  and v^ ,  r e s p e c t i v e l y  
(F e rz ig e r  and Kaper, 1972). Since the c la s s ic a l  L i o u v i l l e  equat ion f o r  a 
system o f  c o l l i d i n g  p a r t i c l e s  (Tolman, 1948) ensures t h a t ,
dv_‘ dv^ b db difj g dv_ dv_: b db dip g (7 .4 )
we see t h a t  the r i g h t  hand s ide o f  equat ion (7 .1 )  represents  the c o l l i s i o n a l  
ra te  o f  inc rease in  f .
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We can generalize the Boltzmann equation to cover situations 
where the interacting molecules possess rotational as well as translational 
degrees of freedom. In this case f will be a function of the additional 
variables so that
3f
at + v
3f • a f  , • af
---------  “1" C l  # ---------  “T  M  •  ---------ar -  aa -  3w
(f '  f'  ^ - f f j )  g b db dip d_yx dß^ (7.5)
where dft_ = sin 9 da • du, where a denotes the set of Euler angles and u is the 
angular velocity vector. In deriving (7.5) use was made of the non-canonical 
form of the Liouville equation developed in the last chapter. If  molecules 
in the in i t ia l  states (y^, a ,  w) and (v^, a , u2) collide and undergo a trans­
formation into states (v_‘ , a  , to' )  and (v^, a, ' , a ^ )  respectively, the double 
primed quantities appearing in (7.5) refer to the corresponding collision:
(_v , a " ,  to") and (y^, a'", a ^ )  go to (v^ , a_, to) and (v^, a 1, coa ) .  I t  is well 
known that in general inverse collisions do not exist for non-spherical 
molecules. For spherical particles corresponding and inverse collisions are 
identical. Boltzmann's theorem,of the closed cycle of corresponding states , 
proves that for non-spherical molecules corresponding collisions always exist 
and furthermore, in analogy to equation (7.4)
g" b" db" dip" dv" dv'  ^ dfi" d ^  = g b db cty dv dv2 dß dfi1 (7.6)
The generalized Boltzmann equation shown in equation (7.5) has not 
been solved by either Taxman or Wang Chang and Uhlenbeck. Wang Chang and 
Uhlenbeck treated the rotational degrees of freedom quantum mechanically and 
then in common with Taxman ignored the d / d^  and 9/3w terms on the le f t  hand
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side of (7.5). This means that knowledge of the hydrodynamic significance 
of the angular momentum density and the angular momentum flux tensor is lost .  
The fact that these quantities have never been measured experimentally appears 
to imply that their effects are small. The Taxman form of the Boltzmann 
equation is therefore
i f
dt
+ v i far
(
(f"fj - f  f 2) g b db dip dv^  dn^ (7.7)
The WCU equation simply replaces double indexed "corresponding" variables 
by single indexed "inverse" variables and substitutes the quantum mechanical 
cross section for the classical one appearing in the coll is ion term.
She and Sather (1967) have solved a canonical equivalent of the 
more general Boltzmann equation, (7 .5 ) ,  for a multi-component system.
Although the Boltzmann equation they set out to solve retained the derivates 
dropped by Taxman and WCU, their linearized Boltzmann equation for the hydro- 
dynamic limit s t i l l  assumed that in local thermodynamic equilibrium the 
angular momentum density is identically zero.
McCourt (1966) and McCourt and Snider (1964), studied a com* 
pletely quantum mechanical Boltzmann equation generalized to include angular 
momentum effects .  Unfortunately,the flux-thermodynamic force relationships 
they derive are at variance with the comparatively well established results  
derived from irreversible thermodynamics (chapter 6). These contradictions 
seem to arise from an expansion of the equilibrium spin distribution function.
The Taxman and WCU expressions for the transport coefficients are 
shown in table 7.1. We have replaced the quantum mechanical cross-section 
appearing in the WCU expressions by their classical counterparts.
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TABLE 7.1
-1 8
5(7rmkT)' A 2 ( [ y 4  S i n 2  X ~ ( f  Y ' 2 + Y2 S1r|2 x )  Ae dx
-1
WCU 5(7rmkT)S'2
8 A ' 2 Y 4 s i n 2 x + I (Ae)2 - I ( i £ ) 2 s i n 2
-1 4 CV k -2
c2(umkT)'s
, 3 c r  C >
A 3e i  - 2 r - v 2 i Ae + TT (Ae)"
-1 2 c
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V A ' 2 (Ae )2 dx
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3k2T
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TABLE 7.1 (co n td . )
WCU
* *  f
A  2
( i r m
11 (Ae )2 dx
Trm f  Ae + y ' 2 (e^ - e^ )  - yy ‘ ( e 1“ e2  ^ C0S x ^£1 " k^ d l
"WCU
( k f ^  A ' 5*  {
\ j m (ex ‘  crM~ 2 + y2 (£i  " e2  ^ ~YY' ( el “ e2^
cos x dx
where A e~e dfl , dx = Y 3 exp ( - y 2 - e - e ) bdbd<}> dY dfi2 dft2 .
LEGEND TO TABLE 7.1
C o l l i s i o n  p a r t i c l e  1 + p a r t i c l e  2-> p a r t i c l e  1' + p a r t i c l e  2 '  
kTe = energy due to  i n t e r n a l  degrees o f  freedom 
Y2 = (m/4kT)g2 where £  is  the r e l a t i v e  v e l o c i t y  vec to r
Ae  = e j  +  £ 2  ~ £2 “ e2 = y2 " Y ' 2
cv = s p e c i f i c  heat a t  constant  volume (per  molecule)
c r  = s p e c i f i c  heat a t  constant  volume due to  i n te r n a l  degrees o f
freedom (per  molecule)
cos x = a-a'/lal-ls.' I
b = impact parameter
n = the t o t a l i t y  o f  i n te r n a l  coord inates
$ = azimuthal  c o l l i s i o n  angle
m = molecule mass
T = temperature , k = Boltzmann's const.
n = shear v i s c o s i t y  , k = bu lk  v i s c o s i t y  , A = thermal c o n d u c t i v i t y
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§7.3 Method
There are three main problems associated with the numerical 
evaluation of the collision integrals shown in table 7.1. The f i r s t  problem 
is the calculation of molecular collision trajectories from the init ial 
values of the relevant molecular parameters. The second problem is to 
calculate the multiple integrals given a set of computed trajectories and 
the third problem, which is allied to the second, is to attempt to minimize 
the amount of work involved in obtaining the temperature dependence of the 
transport coefficients. Our solution of the third problem was based upon 
the realization that given one set of collision trajectories ,  vary­
ing the temperature only alters the relative importance of the individual 
trajectories to the transport coefficients. The actual collision t ra jec t ­
ories are temperature independent.
The trajectory problem is to find the solution of a set of 18 
f i r s t  order coupled ordinary differential equations subject to init ial  value 
boundary conditions. Many standard numerical techniques are available to 
handle this sort of problem but since we wish to compute many thousands of 
such trajectories in order to evaluate the collision integrals, we were very 
careful to choose an efficient numerical method.
Regardless of how difficult  the numerical technique chosen might 
be, its  advantages will not be maximized unless the problem to be solved is 
posed in a suitable manner. The classical equations of motion for two rigid 
bodies interacting through an angle dependent potential can be expressed in 
a wide variety of ways. The form we eventually used was the Newton-Euler 
formulation
d_r
3F = v (7.8)
155.
civ 2F 
cfif = " w (7.9)
dt P( 1 , i ) P ( i . i )  + “ p (2 , i )  “ p(s,1) (7.10)
(plus cyc lic  permutations)
d9Li n “ i
(7.11)
where £  is  the force f e l t  by one of the bodies u ^  is  the i ^  p r in c ip le  
component o f the angular ve loc ity  of body j  and N ^  ^  is the correspond­
ing p r in c ip le  component o f torque.
We have remarked several times during th is  thesis tha t the 
hamiltonian o f a general r ig id  body is re la t iv e ly  complex and hence we have 
used the corresponding Eulerian equations of motion instead. We w i l l  now show 
that the canonical equations not only have th is  theore tica l disadvantage but 
tha t th e i r  numerical solution is also more d i f f i c u l t  than the corresponding 
Eulerian equations.
The basic d i f f i c u l t y  arises out o f the use o f Euler angles to 
specify r ig id  body o r ien ta t ion . From th e i r  d e f in i t io n  (Appendix I )  i t  is 
easy to see that in the l im i t  as e + 0 changes in the other two Euler angles 
<|> and ij>, describe exactly the same ro ta t ion . In terms o f the Lattman space 
of o r ien ta t ion  (Lattman, 1972), Euler angles describe a non-orthogonal and 
non-Euclidean coordinate gr id . The tendency o f $ and to describe the same 
or ien ta tion  as e -* 0 is a manifestation of the lack of orthogonality . The 
non-Euclidean nature of the space is exemplified by the fac t that there is a 
s in g u la r i ty  in i t s  curvature at 0 = 0. These p e c u l ia r i t ie s  have consequences 
fo r  the numerical methods used in Euler angle space. The lack of
orthogonality  means tha t to represent or ienta tions w ith in  a specified e r ro r ,  
as e 0 more and more accurate values o f <j> and $ are needed. These
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accuracies are limited by the f inite  word length of a computer. Hence as 
e ■> 0 the relative errors in the physical orientations of rigid bodies, 
increase. One of the implications of the infinite curvature at 0 = 0 is 
that in this region the s matrix occurring in equation (7.11) is singular.
Both these effects destabilize numerical procedures which are used to 
integrate equations (7.10, 11).
The difficult ies with canonical euqations of motion are consider­
ably greater than those we have just described for the Newton-Euler equations. 
For the Newton-Euler equations i t  is only equation (7.11) that presents
dif f icu lt ies .  In the hamiltonian description,not only the solution of the 
equation corresponding to (7.11) has difficult ies but the equation analogous
to (7.10) is also difficult  to solve. The equation corresponding to (7.11) is
da
—  zz
3 t
- I
(7.12)
where pa denotes the momenta conjugate to the Euler angles. Whereas 
equation (7.11) has a f i r s t  order singularity at e = o (~ 1/e) equation (7.12) 
has a second order singularity at e = 0 (~ 1/e2). To compound matters, the 
canonical equation corresponding to equation (7,10),
dp _ BH 
cHT 30^ (7.13)
where H is the hamiltonian, has the difficulty that as 9 ->• 0, Pc}) and tend 
to the same values. This occurs because pa unlike up, is not really a vector 
at a l l .  The vector notation is just a mathematical convenience. Summarizing, 
the canonical equations of motion have considerably more numerical complexity 
than do the Newton-Euler equations.
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In th e ir  ca lcu la tions o f the c o l l is io n s  o f diatomic molecules 
Clarke and Smith (1970) and Lordi and Mates (1970) make the comment tha t the 
conservation equations may be used to reduce the number of equations to be 
solved. Using the theory o f canonical transformations (Goldstein, 1971), 
since there are four conserved scalars in the Newton-Euler equations of motion 
(7 .8-11), -the energy and three components o f angular momentum, i t  might 
be possible to reduce the number o f  equations to be solved by e ight. This 
would be done by making each o f the conserved quantit ies  a canonical momentum 
(or coordinate), and then developing the appropriate Routhian (Goldstein,
1971). Unfortunately , i t  can be shown tha t the Poisson bracket of any two 
components o f angular momentum is non-zero and since the Poisson bracket o f 
any two canonical momenta is known to be zero i t  is impossible to f ind  a 
canonical transformation which w i l l  transform the components of angular 
momentum in to  canonical momenta. In any case, the number of function 
evaluations required by numerical techniques fo r  solving systems o f ordinary 
d i f fe re n t ia l  equations, .does not depend e x p l ic i t l y  upon the number of such 
equations (Conte and de Boor, 1972). A lso,the presence of conserved quantit ies  
in such a system of equations is  useful in that i t  can provide a useful check 
on in tegra tion  accuracy.
In view o f the possible d i f f i c u l t i e s  associated with the in tegra­
t ion  o f the equations of motion we decided to use double precision computer 
ar ithm etic  and the h ighly stable and accurate fourth order Runge-Kutta in te ­
gration technique. I f  we are solving the system of equations
dx_
= f ( x , t )  (7.14)
using the fourth  order Runge-Kutta technique, the new value of x_ at time t  + h, 
is computed from the i n i t i a l  value of x_ at time t ,  x_. .by the equations
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(7.15)
where
]<! = h f (x.  , t )
J< 2 = h f  (x. + \  k j , t  + h/2) 
k3 = h \k2> t  + h/2)
(7.16)
J< 4  = h f (x.  + kg, t + h) j
The algorithm is exact i f  f  and x ( t )  are polynomials of degree 4. Many 
authors have tested other schemes and found tha t the Runge - Kutta procedure 
performs as well as, or be tte r  than, others (see fo r  instance, Clarke and Smith 
(1970), or Aharony (1972)). In order to ensure the e f f ic ie n t  use of com­
puter time we varied the step length h according to how well the energy o f 
the system was conserved. The step length change procedure was:
(1) choose an energy tolerance A
(2) choose a step length h
(3) integrate over one step and compute the difference in in it ia l  
and fina l energies over the step»Ae = e^-en
(4) i f  IA £ /e • I < ^A increase h by a fa c to r  o f 1.26 and continue 
to the next step
(5) i f  IAe/e^| > 5a decrease h by a factor of 0.8 and recompute the 
present step
(6) otherwise continue to the next step.
I t  was found that th is  procedure reduced the amount of needless step length
change while re ta in ing r e l i a b i l i t y .  A typ ica l tolerance sett ing  A, was
2.5 x 10~4. Clarke and Smith (1970) used a re la t iv e ly  unre liab le  c r i te r io n  fo r
changing the step length, based so le ly  upon the separation of the co l l id in g  
molecules and fo r  coplanar co l l is io n s  Lordi and Mates (1970) used a fixed step 
length. In our ca lcu la tions we discovered tha t our adaptive Runge-Kutta
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scheme was very much more efficient than the corresponding fixed step proced­
ure and that the step size bore 1 i t t l e  relation to the molecular separation.
The in i t ia l  conditions for each collision are specified by the 
impact parameter, the in it ial  linear and angular velocities and the 
in i t ia l  orientations of the two colliding molecules. A coordinate frame was 
chosen such that i ts  origin coincided with the centre of mass of the pair of 
molecules, i ts  z-axis was parallel to the in it ia l  relative velocity and so 
that the in i t ia l  molecular separation was within the x-z plane. In this 
coordinate frame the integration over can be performed analytically. Each 
of the collision integrals, whether Taxman or WCU,takes the form
cov = Yj exp - (y? + e11- + e21-) f.j b db dy.. dfl^  d^2 ( 7 . 1 7 )
Since the number of dimensions in the integration is large, namely 14, the Monte 
Carlo integration procedure was used (chapter 5). The integrals C..,where the 
subscript i denotes that C be evaluated at temperature T-, were computed 
using the equation
C(T •)
oo
Bm <fr> x m .  G.j
2 2 Yi exp i - y . )  dYi (7.18)
where G.j = Y-j exp -(y^ + en- + e21-)
where <h>G means the average value of the function h with respect to the 
distribution function g. The distribution for the impact parameters b was 
uniform on [0, B ] . The distribution over relative speeds y-j exp ( -y . ), 
was observed to produce estimates for C. with significantly smaller variance 
than were produced using the distribution exp (-y?). In fact as we shall see, 
distributions which place even more stress on the high energy tail  of the 
Maxwell-Boltzmann speed distribution,like y? exp (-y.) ,  probably could reduce 
the variance of C. s t i l l  further.
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The trouble with using equation (7.18) as i t  stands to compute 
the transport coefficients is that i f  we wish to know the values of those 
coefficients over a range of temperatures, we have to recalculate a new set 
of co llis ion  tra jectories corresponding to the d is tribu tion functionsat 
each of the d iffe ren t temperatures. To calculate the transport coefficients 
at n temperatures would require n times as much computer time as fo r the ir 
evaluation at one temperature. This approach was used by Lordi and Mates 
(1970). Now individual co llis ion  tra jectories are independent of temper­
ature so one should be able to use a common set of tra jectories to calculate 
the transport coefficients for a range of temperatures. This can be done 
by multiplying the integrands of by a temperature dependent factor. We 
can re-write equation (7.18) as,
C(T.)
f i  e x P +  E n  + e 2 j )
exp - ( y 20 + Ejo + e20)
x B. exp ( - y l )  dY, (7.19)
where the zero subscript denotes the value at T = T . The average is taken 
as
<h> = <h>
y 20 exp - ( yq + e1Q + e2Q)
Equation (7.19) implies that the co llis ion  integral C can be evaluated at a 
number of temperatures T. by taking a series of averages with respect to a 
single d is tribu tion  function. Since these averages are taken with a single 
d is tribu tion  function we can use a single set of co llis ion  tra jectories to 
evaluate the . Of course i f  T^  d iffe rs  too much from TQ the variance of
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C. estimated using (7.19) w ill tend to increase but experience has shown that 
i f  To ^  600 K,and equation (7.19) is used to compute the co llis ion  integrals 
for benzene,the variance of C. is moderately uniform over the temperature 
range 300 K to 600 K.
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§7.4 Convergence and Accuracy o f the Results
Figures (7.1-3) show the d i lu te  gas transport coe ff ic ien ts  computed 
using both the Taxman and WCU equations. In each f igu re  one sees transport 
co e ff ic ie n ts  computed from 3,295 c o l l is io n s .  The resu lts  shown were 
calculated from two separate Monte Carlo ca lcu la tions and the two sets 
o f resu lts  were la te r  combined to y ie ld  a sing le re su lt  by weighting the two 
sets o f ca lcu la t ions . The two independent runs were made with 1270 and 2025 
c o l l is io n s  respective ly . In each o f  the figures e rro r bars are shown about 
both the Taxman and WCU re su lts . These e rro r bars show the deviation at 
d i f fe re n t  temperatures, o f the combined 3295 c o l l is io n  resu lt  from each of 
the two independent sets o f  re su lts . For each o f the transport co e ff ic ie n ts  
these errors are generally at a maximum at high temperatures (600 K ), decreas­
ing to a minimum at about 400 K before increasing s l ig h t ly  once again at 
s t i l l  lower temperatures. The standard deviations o f the Monte Carlo averages 
show the same q u a l i ta t iv e  behaviour but they are generally more o p t im is t ic  
about the accuracy of the resu lts  than was indicated by the deviation e rro r 
bars.
We commented in §7.3 tha t although the d is t r ib u t io n  function used 
by the Monte Carlo in teg ra tion  was the Maxwel1-Boltzmann ve lo c ity  d i s t r ib ­
ution corresponding to a temperature of 600 K, the temperature fo r  which the 
transport co e ff ic ie n ts  had minimum variance was about 400 K. This implies 
th a t ,  as is the case fo r  monoatomic gases, the transport coe ff ic ien ts  stress the 
high energy t a i l  o f  the local equ il ib r ium  ve loc ity  d is t r ib u t io n .  For mono­
atomics th is  is  eas ily  seen by examining the c o l l is io n  in tegra l fo r  shear 
v isco s ity  (HCB)
- 1 y
y s in 2 x exp (-y2) b db dy (7.20)
The presence o f y7 in the integrand e f fe c t iv e ly  increases the weight o f 
the high energy part o f  the d is t r ib u t io n .
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One o f the questions we wished to consider in th is  work was to 
what extent are the Taxman and WCU results  iden tica l when both calcu la tions 
were made using c lassical mechanics. Mason and Monchick (1962) discuss the 
approximations involved in assuming the existence o f inverse c o l l is io n s  fo r  
quantum mechanical p a r t ic le s ,  but these considerations are i r re le v a n t fo r  
the question we have posed. In a l l  attempts at the d ire c t  ca lcu la tion  of 
transport coe ff ic ie n ts  using the semi-quantum mechanical WCU theory,the 
c o l l is io n  dynamics have been treated c la s s ic a l ly  and the relevant quantum 
mechanical cross-sections have been replaced by th e i r  c lassica l analogies.
Examining the computed shear v iscos it ies  shown in f igu re  (7.1) we 
see that the discrepancies between the WCU resu lts  and the Taxman ones are 
o f the same order as the estimated random errors. Throughout the temper­
ature range the WCU shear v isco s it ie s  are some 5% smaller in magnitude than 
the Taxman ones. A s im ila r  re su lt  has been found fo r  thermal conductiv ity  
( f ig u re  (7 .3 )) but again computational errors prevent a d e f in i te  conclusion 
being reached. Only fo r  bulk v iscos ity  are the deviations more c le a r-cu t ,  
f igu re  (7 .2). Although the estimated random e rro r in the computed bulk 
v isco s it ie s  in the temperature range 300K- 500K is  about 5% the WCU results  
are some 10% smaller in magnitude than the Taxman ones. I t  is improbable, 
but not impossib le,that th is  discrepancy is purely random in o r ig in .  More 
compelling evidence fo r  the hypothesis tha t the WCU theory predicts transport 
coe ff ic ie n ts  tha t are system atica lly  in e rro r is  the fac t tha t fo r  a l l  three 
co e ff ic ie n ts  the deviations took the same form. In every case the WCU 
resu lts  are smaller than the Taxman ones. One can construct h e u r is t ic  argu­
ments showing that forc ing the c o l l is io n  term in the Boltzmann equation to 
take the WCU form should reduce the entropy source strength in a f lu id  (chapter 6) 
thus generally decreasing the magnitude o f the transport co e ff ic ie n ts .
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If  the Taxman and WCU formalisms, when used in conjunction with 
classical dynamics, do indeed predict different values for the transport 
coefficients, the basic assumptions upon which the Monchick and Mason 
approximations rest are called into doubt. We therefore investigated some 
of the assumptions employed in the Mason and Monchick (1962) and Monchick 
and Mason (1961) papers. The fixed orientation approximation,which has 
been used to calculate shear viscosities of polyatomic gases,was tested in 
the following way. Benzene mol ecu!es, represented by the six- 
centred Lennard-Jones potential, were allowed to collide while their orient- 
ations with respect to a laboratory frame of reference were kept fixed.
The transport coefficients were then computed without further approximation.
In fact Monchick and Mason (1961) introduced a further approximation into 
their  fixed orientation calculations. They ignored out of plane scattering 
by setting the non-central components of the intermolecular force to zero. 
Also, they kept the relative rather than absolute orientations of the 
colliding molecules fixed. If  their  suggestion is true,that the scattering 
angle is determined by the orientations of the molecules over an indefinitely 
short section of the collision trajectory, then i t  is immaterial whether 
we keep absolute or relative orientations of the molecules fixed. The com­
puted values of shear viscosity were: after 990 collisions n(300 K) =
.567 x 10~4 poise and after 948 collisions n(600 K) = 1.385 x 10~4 poise. 
Comparing these results with the Taxman and WCU shear viscosities given in 
figure 7.1 we see that they are in error by a factor which is larger than the 
estimated random error. Furthermore, the fixed orientation results show a 
far too rapid variation with respect to temperature.
In 1962 Mason and Monchick proposed a modified Eucken approximation 
for the thermal conductivity of polyatomic molecules. This approximation is 
based upon the assumption that inverse collisions exist, and i t  gives the 
thermal conductivity parametrically in terms of the shear viscosity, diffusion
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c o e f f i c i e n t ,  d en s i ty  and the  components of s p e c i f i c  heat a t  cons tan t  volume 
due to  the  t r a n s l a t i o n a l ,  r o t a t i o n a l  and v ib ra t io n a l  degrees of freedom
of molecules .  The theory  gives no way of c a l c u l a t i n g  the  d i f f u s io n  
c o e f f i c i e n t .  Since we have not  c a lc u la t e d  the  d i f f u s io n  c o e f f i c i e n t  we 
cannot make a d i r e c t  check on the  accuracy of  the  proposed Eucken approx i ­
mation.  Although i t  i s  not a very c r i t i c a l  element of t h e i r  th e o ry ,  Mason and 
Monchick proposed as one s tep  in t h e i r  approximation,  t h a t
XWCU ~  2
kT
nWCU nkx
( 7 . 21)
where the  r e l a x a t i o n  time x i s  given as
KWCU n k M c
(7.22)
This approximation was found to be accura te  to wi th in  1%, throughout the  
tempera ture  range 300K - 600K Although t h i s  agreement i s  e x c e l l e n t  the
more c r i t i c a l  approximation fo r  Zwcu i s  l i k e l y  to be l e s s  a ccu ra te .
Several  p a r t i c u l a r  c o l l i s i o n s  were s tud ied  in more d e t a i l ,  p r im ar i ly  
to  see whether  s i g n i f i c a n t  molecular r e o r i e n t a t i o n  occurs during a c o l l i s i o n  
Figure  7.4  shows a c o l l i s i o n  between molecules 1 and 2 whose i n i t i a l  s t a t e s  
are  given by
= -v . r  = - r—1 » -Z  —1 * 00s ^ 1
H i = (0 ,  5.74 X 104 , 0) [ cm/sec ]
H i = ( .7 5 8 ,  - 8 , 0 ,  1 .46) i h
- 1  = C l .5708, - . 2 4 6 ,  0 .0 ) [ r a d i ans ]
S-2 = 0 [ r a d i ans ]
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Figure 7.4 gives the various contributions to the kinetic energy as a function 
of time. It  also shows the molecular separation as a function of time. The 
general features of this collision are that as the molecules fall into each 
others potential well, the translational kinetic energy increases until the 
molecules suddenly begin repelling each other quite strongly. This repulsion 
is combined with a large impulsive torque fe l t  by molecule 2 which then 
starts rotating. In the meantime, the repulsive forces were insufficient 
to reverse the direction of the relative radial velocities of the molecules; 
there is a fairly f la t  plateau region in the radial separation,within which 
the translational kinetic energy is relatively small. As molecule 2 con­
tinues to rotate i t  eventually arrives at an orientation which produces a 
strong repulsive force along the line of centres of the molecules,giving rise 
to a large velocity of separation. At the same time,molecule 1 experiences 
strong torques which eventually give i t  a rotational energy comparable to 
that of molecule 2. I t  is significant that even after the molecules have 
begun to separate there is considerable variation in the rotational energies 
of the two molecules, suggesting that the fixed orientation approximation is 
a poor one. In figure 7.5 we can see the molecular reorientation during the 
collision more cl early. It, shows the quantities u_1*u_2, u^’c^/g. and 
plotted as a function of time. As usual, u_ and u_2 are unit vectors parallel 
to the symmetry axes in the two molecules and q. is the in it ial  relative 
velocity vector. From the figure we see that even within the plateau region of 
closest approach of the molecules, the two molecules go from having their 
symmetry axes perpendicular to parallel and back to perpendicular once again. 
Since this collision is a relatively high energy one which is fair ly impuls­
ive in comparison with the majority of those encountered during the computat­
ion of the transport coefficients, the observed molecular
reorientation again suggests that the fixed orientation approximation is poor.
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In figure 7.6 we see the intermolecular separation plotted as a 
function of time for a co llis ion  with the same in it ia l  conditions as the last 
co llis ion  except that the in it ia l  velocity of molecule 1 was much smaller
V. = (0,2.097 x 104, 0) [cm/sec]
This co llis ion  belongs to a class of co llis ions that have been called
"chattering co llis ions" (She and Sather, 1967) or multiple co llis ions. For 
th is type of c o lli si on,which occurs more frequently the lower the in it ia l  
internal k inetic energies of the molecules, the co llis ion  state is 
characterized by re la tive ly  large values fo r the internal k inetic energies 
of the molecules. Since energy is conserved,the molecules must remain in the 
co llis ion  state un til the internal energies decrease, and the trans­
lational energy is large enough for the molecules to escape from one 
another. As we can see from figure 7.6, the co llis ion  state can be quite 
long-lived. In fact, the co llis ion  shown is so long lived that we did not
observe its  completion. We only know that i t  lasts more than 50 times
as long as the co llis ion  shown in figure 7.4. Between 300K and 600K we 
do not believe that multiple co llis ions contribute much more than about 2% 
to the transport coefficients of benzene. Although fo r the Maxwell- 
Boltzmann d is tribu tion  characteristic of 300K moderately long-lived c o ll is ­
ion states occur more often than in 2% of co llis ions , the transport coe ffic­
ients emphasize the high energy ta i l  of th is d is tribu tion thus decreasing 
the re la tive  importance of those co llis ions.
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§7.5 Comparison o f Model Predictions with Experiment
In Chapter 4 we showed tha t the six-centred Lennard-Jones potentia l 
predicts too large a value fo r the un it  ce ll volume o f the low temperature 
and pressure c rys ta l.  The observed un it  ce ll volume is  only 86% of the 
predicted value. The predicted s ta t ic  la t t ic e  energy,of -46.2 kJ/Mole is also 
in disagreement w ith the experimental value o f about -52.3 kJ/Mole. I f  we rescale 
every length in the Lennard-Jones model by .952 and energies by 1.06, a new 
potentia l is  generated tha t makes s ig n i f ic a n t ly  more accurate predictions 
of the s ta t ic  la t t i c e  properties. The rescaled potentia l predicts a un it  
ce ll volume o f 443 which is  the extrapolated value at OK (chapter 4).
The s ta t ic  la t t i c e  energy is  also improved: i t  is -49 kJ/Mole which agrees
with experiment w ith in  experimental e rro r. This transformation o f lengths 
and energies preserves the agreement o f the computed second v i r ia l  c o e ff ic ie n t 
with experiment to w ith in  2%. This is  also w ith in  experimental and comput­
ational e rro r. The rescaled Lennard-Jones potentia l parameters are:
B = 1.672 o = 3.333 X and e = 81.62 K. Figure 7.1 shows the Taxman shear 
v iscos ity  predicted by th is  p o te n t ia l.  I t  can be seen that these predictions 
agree with experiment w ith in  combined experimental and numerical e rrors .
The thermal conductiv it ies  predicted by the unsealed po tentia l and 
shown in f igu re  (7 .3 ) ,  are approximately one quarter o f  the values measured 
by Vines and Bennett (1954). Although th is  disagreement is  serious, we do 
not believe tha t i t  is a re f le c t io n  upon e ith e r the Taxman or WCU formalisms.
We believe the disagreement resu lts  from the fac t tha t the six-centred 
Lennard-Jones potentia l neglects the v ib ra tiona l degrees of freedom o f the 
benzene molecule. This neglect is  o f  small consequence fo r  the computed shear 
v iscos ity  o f benzene because shear v iscos ity  re lates the momentum f lu x  to the 
ve loc ity  gradient and the v ib ra t iona l degrees o f freedom, possessing no 
l in e a r momentum themselves, cause only small, in d ire c t  changes to the shear 
v iscos ity . The spec if ic  heat at constant volume o f benzene at 600 K is
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about 19.3 K Joules per molecule -°K (American Petroleum In s t i t u te ,  1953).
e
and is more than 6 times la rger than the equ ipa rt i t ion  value obtained by 
assuming tha t the benzene molecule is r ig id .  In the temperature range 300K- 
600K,benzene therefore possesses considerable v ib ra t iona l energy which is  not 
allowed fo r  in our po ten tia ls . Wang Chang, Uhlenbeck and de Boer (1964) 
divided the WCU thermal conductiv ity  in to  two terms,xt r  and Xi n t , the con­
tr ib u t io n s  from the f lu x  o f molecular trans la t iona l energy and in terna l 
energy respective ly. They are given by
xt r
75 k2T 
8 m X
15 k T cf  Y 
4 m X" Z
1 -y 2/XZ
3 c2 T 15 k T c Y , - r + ______ r_
Ain t  2 m Z 4 m X Z
(7.23)
(7.24)
A c tua lly , the d iv is ion  in to  in te rna l and external energy 
fluxes is exact only in the l im i t  of the slow exchange between in terna l 
and external energies. I f  we accept tha t equations (7.23) and (7.24) 
represent the subdivision o f thermal conductiv ity  in to  external and in te rna l 
terms, then fo llowing Wang Chang, Uhlenbeck and de Boer (1964) or by 
using a modified mean free path argument (R e if,  1965) we may assume that 
each contr ibu tion is  proportional to the relevant in te rna l or external 
spe c if ic  heat. Using the experimental values of the spe c if ic  heat of benzene 
we can form two new estimates fo r  the thermal conductiv ity  of benzene based 
upon i t s  r ig id  body eq u ipa rt i t ion  value, A £. The new WCU thermal con­
d u c t iv i t ie s  are expressed in terms of the old one shown in f igu re  7.3, as,
cv= expt_ .
Av - t r  Cy eqt
veqt
(7.25)
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and
V r  = xt r  + c
expt
in t
eqt
( 7 . 2 6 )
where c^, the internal heat capacity at constant volume is given by 
cr = Cy -3 /2  k Joules/mole -°K.
The f i r s t  equation estimates the thermal conductivity by assuming 
that on average the vibrational degrees of freedom are associated with 
the total thermal conductivity cross-section as computed in the r ig id  
molecule approximation. The second equation assumes that the extra degrees 
of freedom are associated with the rotational thermal conductivity cross 
section. Consequently equation (7.26) only rescales the internal contribution 
to the thermal conductivity. In figure 7.7 ^v_-t r  and A^   ^ are compared with 
experimental thermal conductivity data. Within the observed temperature 
range we see that the experimental results are in good agreement with the 
modified WCU results»being within about 5% of both estimates. This seems 
to imply that the relevant average vibrational cross-sections are in te r ­
mediate between the two hypotheses we have introduced.
Summarizing, we believe that we have demonstrated that the calcu­
lation of Taxman and WCU transport coefficients is a viable one, even for 
re la t iv e ly  complex molecules l ik e  benzene. We hope that our work might 
help to stimulate further research into the transport processes of poly­
atomic flu ids . Many years a fte r  the formal theory was f i r s t  developed 
direct calculations of the transport coefficients of d ilu te  polyatomic gases 
have now been made.
The six-centred Lennard Jones potential has demonstrated its  
usefulness by combining accuracy with a comparatively simple analytic form.
I t  makes re la t iv e ly  accurate predictions of the macroscopic properties of 
benzene in a ll  three phases and should provide a useful reference potential 
fo r  future work with more comolex potentials.
1 7 7 .
T
300
1
600 K
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APPENDIX I : EULER ANGLES
The unique s p e c i f i c a t i o n  o f  the o r ie n ta t i o n s  o f  a r i g i d  body 
requ i res  a minimum o f  th ree  v a r ia b le s .  The most commonly used v a r iab les  
are c a l le d  Eu le r  angles.  Fo l low ing Goldstein (1971) they may be def ined 
in  the f o l l o w in g  manner. I f  jj i s  a vec to r  whose ca r tes ian  components are 
s p e c i f i e d  w i th  respect  to  a la b o ra to ry  coord ina te  frame and i f  u_' i s  the 
corresponding vec to r  as viewed from another coord ina te  frame which we might 
c a l l  a body - f ixed  coord ina te  frame then,
and
(AI — 1)
(AI-2 ) 
( A I -3 )
where the t rans fo rm a t ion  m a t r i x  A, i s  g iven ,
cos \p cos  <t> -cos e s in  <j> s in  \j>, cos^ s in^  + cos e cosf  s in  s in ^  s in  e
- s i n i i  cos <j> -cos e sin4> cosijj, - s i n ^  sin<j> + cos e cos <j> cos cos\p s ine
sine sin<j) , - s ine  cos<j> cose
( A I -4)
Equation (A I -3 )  f o l low s  from (A I -3 )  s ince as i s  we l l  known, r o t a t i o n  t r a n s ­
format ions are o r thogona l .  The e u le r  angles e,<(> and which,  o f ten  th rough­
out t h i s  thes is  have been denoted by a_ = (e,<|>,ij>), can be i n t e r p r e t e d  in 
terms o f  an ordered sequence o f  p lanar  r o ta t i o n s .  The reader is  r e fe r re d  to  
Goldstein (1971) f o r  d e t a i l s .  U n fo r tu n a te l y ,  the re  i s  no unanim ity  as to 
the p a r t i c u l a r  sequence o f  these r o ta t i o n s .  There are t h e re fo re  several  
d i f f e r e n t  sets o f  e u le r  angles in  common use. The Euler angles used by 
J e f f r e y s  and J e f f r e y s  (1966) give r i s e  to  a s imple phys ical  i n t e r p r e t a t i o n .  
The angles th a t  correspond in  t h e i r  rep resen ta t ion  to  e,<|>, are s imply  the
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polar and aximuthal angles respective ly , o f the z body axis with respect to 
a laboratory coordinate frame. Their ^ specifies a r ig h t  handed ro ta tion  o f 
the body about i t s  z axis. The Goldstein angles <j> and \j> are equal to 
<j> + tt/ 2  and tt/ 2 - tJj in the Jeffreys and Jeffreys angles respective ly.
The o r ien ta t ion  of a r ig id  body can be expressed in many other 
ways. One common method which is  quite d i f fe re n t  from the use of euler 
angles makes use of the theorem that given any two a rb it ra ry  r ig id  body 
o r ien ta tions one can perform a transformation between the two orien ta tions 
by means o f a single ro ta tion  through an angle about some axis. The
t
polar angles o f tha t axis and x^ thus provide another means o f uniquely 
de fin ing r ig id  body o r ie n ta t ion . Lattman (1972) has used x^ as a distance 
measure in ro ta t ion  space measuring "how fa r"  two or ien ta tions are separated. 
Following Lattman the metric dx^ can be calculated in terms o f Goldstein 
euler angles as,
dxjj = de2 + d(j>2 + dip2 + 2 cos e d<j>d^  (A I-5)
Equation (AI-5) shows that Euler angles are non-orthogonal in ro ta t ion  
space, a po int commented upon in Chapter 7.
Goldstein eu ler angles are used in a l l  chapters o f th is  thesis 
except chapter 4 where, because o f th e i r  simple physical in te rp re ta t io n  
Jeffreys and Jeffreys Euler angles are used.
APPENDIX II  : AN ASIDE ON THE ROTATIONAL DYNAMICS 0^ CLASSICAL RIGID BODIES
In t h i s  appendix  we w i l l  summarize many o f  th e  r e l a t i o n s  between 
the  v a r i a b l e s  used t o  d e s c r i b e  th e  dynamics of  c l a s s i c a l  r i g i d  bod ie s .  
G o lds te in  e u l e r  ang les  a re  used th roughou t  and many o f  th e  e x p re s s io n s  
given a re  p r e s e n t e d  w i th o u t  p roo f  e i t h e r  because they  are to  be found in 
many t e x t  books on c l a s s i c a l  dynamics o r  because  t h e i r  d e r i v a t i o n  i s  easy .  
As usual  ja«* denotes  the  momenta co n ju g a te  to  th e  e u l e r  ang les  o_, L^ and 
are  th e  p r i n c i p l e  a n g u l a r  momentum and a n g u la r  v e l o c i t y  v e c to r s  r e s p e c t ­
i v e l y  and L_ and w denote t h e  same q u a n t i t i e s  with  r e s p e c t  to  a l a b o r a t o r y  
frame of  r e f e r e n c e .  I t  should  be remembered t h a t  £a  and a a r e  n o t  r e a l l y  
v e c to r s  a t  a l l  s i n c e  as we s h a l l  see th e y  do n o t  have t h e  a p p r o p r i a t e  
t r a n s f o r m a t i o n  p r o p e r t i e s .  The n o t a t i o n  "jga" i s  s imply a mathematical  con­
ven ience used to  make th e  fo l lo w in g  e x p r e s s io n s  more compact.  From 
G olds te in  (1971) we know t h a t
and
where
»P a
f COS ijj, s in  e . s i n 01
IImn - s i n p ,  s i n  e. c o s 0
( o c o s e 1
(A II-1)
(AII-2)
(AI 1-3)
Since  de t  ( e ) = s in  e we see  immediately  from (A II-1 )  and (A II-2)  t h a t
because and L„ a re  v e c t o r s  t h a t  n e i t h e r  a no r  pa can be.  Now L = I .or - p  - p  - r- ~P =p - p
where I i s ,  as u s u a l ,  t h e  p r i n c i p a l  i n e r t i a  t e n s o r ,  so t h a t
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Substitut ing (AI I - 1) into (AI I -4)  we obtain
]D a = ( A I I - 5 )
Since,
b go-P (AI 1-6)
and
Lp = A • j_ (AI 1-7)
where A is the Euler matrix given in Appendix I ,  we can rewrite (A I I -4) as,
j)a = A • L_ (AI1-8)
sin <j> ,
0
^sin <j>. sin e ,  -cos <}>.sin e ,  
The k inet ic  energy E, of  a r ig id  body can be wri t ten
where
cos <j>
0
0
1 (AI 1-9)
cos e,J
compactly as,
Substituting equation (A I I - 4 )  into (A I I -1 0 )  we can express the contr ibut ­
ions to the hamiltonian H, of  a r ig id  body ar is ing from rotational  k inet ic  
energy as ,
H = i j 3 o  • H '1 • I ' 1 • (HT ) 1 • ßa (A I I -1 1 )
When (A I I -11 )  is expanded we see that  these contributions to the hamilton­
ian are quite complicated,
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H = i J2. [ cos2\1j , s i n 2 V
2 p . p s i n i p c o s i p  
+ o <p ( l 1 1
p 0 1 I ,  i ,'  1 2 ' s i n  e rJ
+ 2p0 p cose sirup cosip ^   ^ >
sine h hi
'  2P /^  cos 6 fsin£* ,  cos**
sin e ! i  + h
Pd) fsin2ip cos2ip] Pip cos 6 fsin2  ^ cos2 '^
sin2e l 1 ,  ! 2 J sin2e I  ! i  ! 2 J
p2]
+  ^ 1 (AI 1-12)
For a body with a rotational symmetry axis and I =1 , equation (AII-12) 
simplifies to the well-known expression
2 . [P+ - CQS9
21 . P +He sine
1 2
+ 2I7 P* (A I1-13)
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APPENDIX III : PROOF THAT THE PRESSURE TENSOR IS SYMMETRIC IN AN 
ORIENTATIONALLY ISOTROPIC FLUID
Orientational isotropy implies that i f  f  ^ 1  ^(r.,a_;t) i s  the one 
p a r t ic le  d is tr ibut ion  function in orientational and spatia l  var iab les ,  then
f ( l ) ( r , a ; t )  = f ^ ' ( _ r ; t )  (AIII-1)
In order to demonstrate the symmetry of the pressure tensor under the 
conditions implied by equation (AIII-1) we need only consider the poss ibly  
non-symmetric components of  the pressure tensor ,  denoted Pn . This means 
that we need not consider the k inet ic  contributions to P s ince they are 
n ecessar i ly  symmetric. So we may write
Pn =  Pv (Ain-2)
We shall  assume for the moment that the interaction potential  contains  
only two-body terms. Following Irving and Kirkwood (1950) we can express 
Pv in terms of  the two-body d is tr ibut ion  function, ' (r^ , 0^ , 0^ ;t)
Pv
oc R (^j) 
- 1 2  3R,
( 2 )
vr +  . . .
( 2 ) ( n » r + ü ^ ’V V ’t ) dcx d a „-2 ^ 1 2 ( A I  1 1 - 3 )
f R I d—  0 f 2 ' d a d a dR ( A l l  1 - 4 )J 3H12 1 >2 —1 - 2 - 1 2
where 0  ^  ^ i s  defined in equation (6.56) and <j> is  the two body potential  
energy. In an i so tro p ic  f lu id  f ^  w il l  be dependent only upon the re la t iv e  
orein tat ion 0  ^ , o f  two pa r t ic le s  and i t  wi l l  be independent o f  the absolute  
orientation of any one of the p a r t i c l e s .  The r e la t iv e  orientat ion o f  two 
molecules can be expressed in terms of  sca lar  products of molecule fixed  
symmetry vectors.  I f  u_. and v_. are non-parallel  unit vectors o f  f ixed  
orientat ion with respect to molecule i ,  the r e la t iv e  or ientat ion o f  the two 
molecules i s  completely sp e c i f i ed  by the f ive  sca lar  products
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(u . R , 
' —1 - 1 2
u . R 
— 2 —12
v .R -1 -12 V . R , U . U ) E a _ 2  —12 —1 - 2 ;  — 12 . (AI  11- 5)
This set is obviously non-unique. The dependence upon re la tive  orientations  
and separation of the interaction potential and the two-body distribution  
function for an o rien ta tiona lly  isotropic f lu id  is
(AI  11- 6 )
f (2) • ( 2 ) ( r , r  + R , 
—  —  -1 2
(AI  11- 7 )
Now,
N > 3R )
3<t > 3 1 2
- - 3 R 1 2 . ^ 1 2 '
1*1 > I *_2 —12 — —2
( A I I I - 8 )
So that the potential energy contributions to the non-symmetric pressure
tensor are proportional to
3 (f)
3a
— 1 2 .
-  3«12s % 2 1.2
f (2) dR12 däj d ^
Evaluating the derivatives we see that
full—1
0T
3<f)■ ' 1 ■ ■ • VT
a —1
-12s
0T
1°.
0 f1 ,2
( 2 ) dR_12 da  ^ d
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9<(>
—12 3a  
—12
TSto
uT—2
aT
4t
a T
1 >2
f (2' dR12 dS d ^ (ÄIII-9)
where is the transpose of v_ ( i .e .  the row vector of v) .
If  ^  . denotes the euler angles of molecule j relative to a coordinate
frame fixed in molecule i ,  we can transform the angle integrations in the
f i r s t  term of (AI11-9) to da1 da apd the angle integrations in the second
term to da2 da_21. Since R_12, u_., v_. and 012 are independent of euler
( 2 )angles and since 3<j>/3o_12 and f v 1 are independent of absolute orientation
s
both terms in (AI11-9) are seen to integrate to zero. This proves that 
the pressure tensor of an orientationally isotropic fluid composed of rigid 
molecules interacting through an arbitrary pair potential, is symmetric.
It  can be shown that the assumption that the interaction potential is a 
pair-wise additive is not essential to the proof.
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